Spectrochemical Analysis of Bronze by a 
Porous Electrode Method 


Bourdon F. Scribner and John C. Ballinger 


\ modification of Feldman’s porous electrode method is described for the spectrochem 


ical analysis of bronze 
is dissolved by 


3 Sn, 3 Zn, 2 Pb, 2 Ni, 90 Cu) 
the addition of 4 milliliters of hydrochloric acid and 16 milliliters of nitric 


A l-gram sample of bronze drilling» 


acid, and after dilution to 40 milliliters with water, the solution is transferred to the hollow 


electrode for spark excitation 
prepared in a similar manner 


The analvsis is made with reference to standard solutions 
Studies of the effect of electrode shape on the reproducibility 


of excitation led to the adoption of a porous electrode having a tip in the shape of a truncated 


cone 


tained with a flat-tipped electrode. 


With this electrode the precision was greater by a factor of 1.2 to 2.1 over that ob 
The precision of the method, determined as the coeffi 


cient of variation of a group of duplicate runs on 50 samples, ranged from 1.6 percent for 


nickel to 4.3 percent for lead 


On the average, the results of routine spectrochemical deter- 


minations agree with the results of chemical determinations on the same samples to within 


t5 percent 


l. Introduction 


In spectrographic analyses of low-tin statuary 
ronze (3 Sn, 3 Zn, 2 Pb, 2 Ni, 90 Cu) by methods 
nvolving the direct sparking of the metal, certain 
accountable variations from the results of chemical 

analyses were observed. Although a group of samples 
prepared over a short period of time by a single manu- 
facturer was found to give results entirely consistent 
within themselves, comparison of this group of sam- 
ples with a group made at a later date, or by another 
manufacturer, revealed variations that could not be 
traced to the analytical method or technique, Others 
who have studied the analysis of copper alloys by 
direct spark methods have encountered similar dif_i- 
culties and have placed considerable emphasis on 
preparation of the sample. It has been found neces- 
sary to exercise rigid control over the temperature of 
the melt, the rate of cooling, and the form of the 
sample [1].! 

If samples from many sources were to be analyzed, 
it appeared advisable to adopt a method that would 
erase any effects of differences in metallurgical proc- 
essing. It was also important to preserve the ana- 
lytical speed made possible by the spectrochemical 
method. A procedure for obtaining physically iden- 
tical electrodes by remelting the bronze under care- 
fully controlled conditions is described by Palmer, 
Irwin, and Fogg [2]. In the search for a more rapid 
and flexible method, we considered the practicability 
of applying a solution technique. An excellent re- 
view of existing solution methods adaptable to spark 
excitation may be found in the paper by Feldman [3]. 
The method developed by him and described in his 
paper involved the use of a porous cup electrode. 
The possibility of applying this method to the anal- 
vsis of bronze was tested with encouraging results. 

Attention was then directed toward investigating 
details of the procedure to obtain maximum speed 
and precision with sufficient sensitivity. Several 
electrode shapes and sizes were investigated, as well 
as a variety of sparking conditions, with the result 


Figures in brackets indicate the literature references at the end of this paper 
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that an improved form of electrode was designed, 
Water-cooled copper electrode holders were found to 
be effective in preventing boiling of the solution as 
the spark energy was increased. Graphite bushings 
in the electrode holder were adopted to retard acid 
attack. Also, special sampling and dissolution 
methods were developed to give speed and facility to 
preparation of the solution. The standards con- 
sisted both of samples analyzed chemically and 
samples synthesized in acid solution by dissolving 
pure metals in the proper proportions. Calculating 
scales served to expedite and simplify the conversion 
of microphotometer readings to concentration values. 


2. Preparation of Solutions 


2.1. Sample Solutions 


The bronze samples are prepared as drillings ot 
millings to obtain material in convenient form for 
weighing and dissolution. In order to speed up the 
drilling operation a drill press is fitted with the jig 
assembly shown in figure 1. The test sample, which 
is generally in the form of a bar by '4 by 4 in., is 
cleaned on two opposite long faces with a belt sander 
and is inserted in the jig. A clean, glass vial, fastened 
in the threaded opening on the underside of the jig, 
serves to collect the drillings Sufficient material for 
test is obtained from one \-in. hole drilled through 
the middle of the bar from one cleaned surface to 
the other. 

A 1.0-¢ portion of the sample is transferred to a 
125-ml Erlenmeyer flask, to which is added 4 ml of 
hvdrochloric acid (sp gr 1.19) followed by the addi- 
tion of 16 ml of nitric acid (sp gr 1.42). When the 
reaction has ceased, 20 ml of water is added. Care 
is taken that dissolution is complete after addition 
of the water; this may be accelerated by gentle 
warming. Three self-leveling burettes serve for 
rapid dispensing of the acids and water. Because 
of the toxicity of the acid fumes, adequate ventilation 
must be maintained during both the preparation and 
storage of the solutions. 





Figure 1. Assembly for drilling and collecting sample. 


2.2. Standard Solutions 


Chemically analyzed bronze samples serve as 
standards if selected so that concentrations of Pb, 
Ni, Sn, and Zn cover the desired ranges, and the 
concentration of copper is within 3 percent of that 
of the analytical samples. The latter condition is 
imposed to avoid the necessity of correcting for 
differences in the concentration of the internal 
standard copper between standards and analytical 
samples. Solutions of the metal standards are pre- 
pared in the manner described for the analytical 
samples. Synthetic standards may be prepared by 
dissolving pure metal constituents, provided that 
the resulting solutions match those of the analytical 
samples with respect: to total metal concentration, 
concentration of copper, and concentration of acids. 
For the analysis of bronze in which copper varies 
from 89 to 91 percent, the copper may be held within 
this range by preparing solutions in which the 
compositions of the dissolved metals correspond to 
those of the alloys given in table 1. 

The individual standard solutions of nickel, lead, 
and zine may be prepared conveniently by dissolving 
the metals in a minimum of dilute nitric acid (1:1) 
and diluting with water to obtain a concentration of 
0.01 g of metal per milliliter. For tin, dilute hydro- 
chloric acid (1:1) is used and a solution of the same 
concentration is prepared. The set of bronze 
standard solutions is prepared by dissolving the 
required amount of copper in aqua regia (4 ml of 
hydrochloric acid plus 16 ml of nitric acid), and then 
adding water and metal solutions in the proper 
proportions. 

Comparative testing of synthetically prepared 
standards and carefully analyzed chemical standards 


CONCENTRATION OF NICKEL, % 














°o 








Ean Seat 





Nn 
° 





CHEMICALLY ANALYZED 
SAMPLES 


SYNTHESIZED SAMPLES 


l 
oO. 0.2 o3 
LOG INTENSITY RATIO 














00 


Figure 2 Analytical curve for nickel 


TABLE 1 Compositions of alloys corre sponding to standard 


prepared in solution 


tandard 


Element 


has indicated good agreement, as is shown on the 


analytical curve for nickel, figure 2. 


3. Spark Excitation 
3.1. Electrode System 


The solution electrode, figure 3, is prepared from 
graphite rods of high purity, \ in. in diameter. Its 
form, with the exception of a truncated tip, is similar 
to that described by Feldman [3]. The upper 
(porous cup) electrode is 1% in. long with a \-in. hole 
drilled along its axis from one end to within 0.05 
(+0.008) in., or 1.3 (+0.2) mm of the other end. 
A standard \-in. twist drill is employed but, for 
ease in drilling, the grooves of the drill are ground 
wider to provide more space for carrying the chips 
away from the head of the drill. The sparking end 
of the electrode is beveled on the edge to an angle 
of 45°, resulting in a truncated cone with a tip 
diameter of \ in. Tests of various electrode shapes 
showed a marked improvement in the precision o! 
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Electrode for sparking the solution 


results as the tip of the electrode was reduced in 
liameter. An electrode with a tip \ in. in diameter 
was adopted with gains in precision amounting to a 
factor of 1.2 to 2.1, as shown in table 2. 


TABLE 2 Repeatability tests of two electrode lips 


vefficient of variation * 


Number of 
Flat end, tip observations 
diameter 
by in 


We 100 xd 

~ > where s the coefficient of variation; « the standard 
CWn-i 
ition; C the concentration in percent; d the difference of a determination 
the mean; a the number of determinations 


( 


A pipette with an elongated tip 1% in. long and 
less than \-in. outside diameter is used for filling the 
porous cup electrode in the manner illustrated by 
Feldman [3]. The tip of the pipette should touch 
the bottom of the electrode cavity, as the solution is 
expelled, to prevent the formation of bubbles within 
the electrode. The electrode is filled to the top 
0.3 ml) immediately before sparking. The lower 
vraphite electrode, 4 in. in diameter, is shaped at the 
tip to a 120° cone and is clamped vertically in op- 
position to the upper electrode. The electrodes, 
separated by a 3-mm gap, are held in ‘-in. split 
rraphite bushings, which in turn are held in water- 
ooled copper clamps [4]. The water-cooled clamps 

ere found effective in préventing boiling of the 

lution. 
3.2. Excitation Conditions 


The spark excitation conditions have an important 
feet upon both the sensitivity and repeatability of 


G I Zn 3345.02 
LOG I Cu 3337.84 
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Figure 4 Change of spectral line intensities with time of 


spark ing 


this method. <A high-energy spark is desirable in 
that it provides high sensitivity. However, when 
the energy is raised considerably, the heat generated 
cannot be dissipated rapidly enough to prevent 
boiling of the solution within the electrode. This 
results in an erratic, irreproducible spark. A com- 
promise of conditions has therefore been selected 
Sensitivity is also affected by the inductance of the 
circuit, any considerable increase beyond 25 wh pro- 
ducing a high background intensity with a cor- 
responding decrease in sensitivity. An Applied 
Research Laboratories’ high-voltage spark unit was 
emploved, although any unit capable of being adjust- 
ed to obtain a low-energy spark should be satis- 
factory. The settings used with this unit are as 
follows: Power setting, % kva; capacitance, 0.0073 
uf; inductance, 25 wh; interrupter adjustment, set 
for a low-energy spark (26 volts on the indicating 
instrument furnished with the unit). 

Under these conditions the spectrum assumes a 
fairly stable intensity level after the first 35 seconds 
and maintains it for well over 2 minutes, as shown 
in figure 4. On the basis of these observations it 
would appear preferable to allow a period of 35 
seconds before making the exposure, However, in 
practice a shorter period was allowed in order to 
reduce the total time. A presparking period of 10 
sec. and an exposure of 110 seconds were adopted. 


4. Analytical Procedure 


4.1. Spectrographic Procedure 


A conventional large Littrow quartz spectrograph 
and illuminating system are employed to photograph 
the range 2650 to 3400 A [5]. With a lens (fg=34 
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em) at the slit, the arrangement is such that the 
resulting spectrum represents radiant energy from 
all parts of the spark. A step sector or other varia- 
tion of exposure is not needed for this analysis. 
In routine work, the spectrum of each sample is 
photographed in duplicate, but on separate plates 
for higher accuracy. On each plate one exposure is 
made for each of 18 samples and 2 standards. In 
addition, an exposure of the iron spark spectrum is 
made on the plate for calibrating the emulsion with 
the following exposure conditions: Power setting, 
4/3 kva; capacitance, 0.014 yf; inductance (none 
added), 3 wh; interrupter adjustment, set for spark 
of moderate energy (40 volts on the indicating in- 
strument furnished with the unit); electrode form, 
two electrodes of commercially pure rods \ in. 
in diameter each tipped with a 150° cone; electrode 
separation, 3 mm; exposure time, 30 sec. 

The copper spectrum obtained displays a sufficient 
number of lines of varying intensities in the range 
from 2650 to 3400 A to eliminate the need for a 
stepped sector or other variation of exposure. 
Analytical line pairs used in this method are listed 
in table 3. The only interference observed was that 
caused by Na 3302.32 A with Zn 3302.59 A. This 
was attributed to contamination of the sample during 
the sampling or dissolution procedures and was 
eliminated entirely when adequate precautions were 
taken. Good ventilation of the spark stand during 
the sparking procedure was found advisable to 
prevent serious corrosive attack by the acid fumes 
on neighboring apparatus and toxic effects on the 
operator. 


TABLE 3. Analytical Line pairs 


Concen 
tration 
index © 


Element to 
be deter 
mined 


Concentration 
range 


Wavelength of 
copper line * 


Wavelength of 
element line * 


1 i ‘ 
WOT 3083. 42 1.0to 5.0 
wi2 wo M4 O45to25 
3050 W773. 80 5to0.7 


23. 07 10. M4 5 to 5.0 
3683. 47 wie 67 5tol2 


3008.15 O10 1.500 5.0 
8175. 08 3104. 10 “06025 
3175. 05 1140 5to1.0 


1302. 59 3279 25to 5.5 


0.7 to 3.0 
5to 1.5 


3345. 02 S337 
| $345. 02 eae 
* All wavelengths are from neutral atoms 
> The concentration index is the concentration at which the intensity ratio is 
unity 


4.2. Photometry 


The emulsion is calibrated by photometric meas- 
urement of the iron spark exposure for the selected 
group of iron lines listed in table 4, the relative in- 
tensities of which were determined by a primary 
method, using a step sector.2. These lines are used 
in preparing a plate calibration curve as outlined by 
Vincent and Sawyer [6]. Transmittance measure- 
ments of analytical line pairs and lines of the cali- 


? The calibration procedure, established by C. H. Corliss, is common to several 
analytical methods employed in this laboratory 





bration spectrum are made with a projection micro 
photometer. Analytical line pairs appropriate to 
the concentration ranges encountered are selecte: 
from the list in table 3. The transmittances of thy 
analytical lines and the internal standard lines ar 
converted to log intensity ratios by means of thy 
plate calibration curve. This procedure, carried 
through for standard samples, serves to establish 
an analytical curve relating log intensity ratio and 
log concentration for each line pair. A_ typical 
analytical curve, that for nickel, is illustrated in 
figure 2. Log intensity ratios of analytical deter- 
minations may then be converted to concentrations 
by reference to the appropriate analytical curve 
The average of two determinations, each made on a 
separate plate, and corrected by a control standard 
in duplicate on each plate, is reported for each 
element. In view of the fact that the principal 
alloying constituents of the bronze other than coppe: 
are determined directly by the method, a reasonably 
accurate value of the copper concentration is ob- 
tained by subtracting the sum of the concentrations 
of tin, zine, lead, and nickel from 100. 


TaBie 4. Jron wavelengths (Feu) for emulsion calibration 


Angstroms 


* Double line 


When samples are to be analyzed on a routine 
basis, the procedure is simplified by the use of ana- 
lytical el or of both analytical and calibration 
scales. The scales are prepared from the established 
analytical and calibration curves by projecting the 
curve to its intensity axis. The scales are then used 
in the manner described by Churchill [7] for the 
Dunn-Lowry calculator. 


5. Discussion 
5.1. Precision and Accuracy 


Calculations of the precision of the method were 
made in two ways, first, by comparing a group of 
determinations on a single sample made under 
identical conditions, and second, by comparing 
duplicate determinations made on a large number of 
samples. In the first case a single solution was used 
in making all of the determinations, and care was 
taken to maintain the observing conditions constant 
Coefficients of variation (defined in table 2) were 
computed for each plate (20 determinations) and the 
results averaged to give the values shown in table 5 

In the second case actual routine test data were 
used involving 50 samples, where two exposures 
were made each on a separate plate. The ales for 
coefficient of variation were calculated for the pairs 
of determinations with the results shown in table 6 
As one would expect, the coefficients of variation 
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rapLe 5 Results of repeatatility tests on a single sam ple 


to ot tot wr of ob- 
a Cencentention eflicien Numb t 
variation * servation 
1.9 1.” 1K 
, 2 28 1 
” TL 
1s sO 
footnote a, table 2 
ted in groups of 20 and the results averaged 


larger here than in the first case and may be 
pected to represent a more realistic measure of the 
ecrsilon of the method It is of interest to note the 
onvenience of calculating precision from routine 
nalytical data, thus obviating the necessity of 
uaking a large number of runs on a single sample 
nder the somewhat improbable restriction of 
constant conditions.’” However, the method of 
mploving pairs of determinations is a_ reliable 
neasure of the precision of the method only when 
it single determinations can be considered inde- 
wndent, that is, observed on different plates and 
‘ ferably on different days 
The precision found for nickel is considerably 
iter than that for lead, tin, and zine. This ts 
robably the result of a combination of factors that 
ay inelude the close match between Nit 3012.00A 
nd Cur 3010.84A in wavelength and excitation 
nergy, as well as a close similarity in the physical 


properties of nickel and copper and their salts 


rarce 6 Results of repeatability tests hased on duplicate 


outine determinations made on 50 sam ples 


Fler P Average cor Coetlicient of Number of pairs 
centration Variation of observation 
L¢ L¢ “) 
3 “) 
‘ 42 0 
2 2.4 “) 
ie 100 rp 
; , Vv 2p where » is the coefficient of variation; « the standard 
n; C the average concentration in percent; D the difference between 
ite runs; p the number of pairs of observations 


\n expression for the accuracy of this method may 


be obtained by comparing the spectrochemical 
with chemical results. The differences between 


he averages of two sets of results for each element 
e given in column 4 of table 7. The differences 
re found not to be significant, indicating that 
bias was not observed. The average differences 


between determinations by the two methods, cal- 


lated without regard to sign, are given in column 
of table 7; these give a measure of the expected 
indom differences between determinations by the 
vo methods. The differences, of course, include 
ny errors in chemical analysis as well as those 
n the spectrographic determination. It is signi- 
cant that the determinations of copper, made by 
he chemical analyses were made by R. K. Bell, E. E. Maczkowske, and 
Sappenfield of the Bureau's Analytical Chemistry Section. In the chem 


ethod Cu, Sn, Pb, and Ni are determined directly, and Zn is determined 
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difference in the spectrographic method, show good 
agreement with the chemical determinations that 
were made directly by electrodeposition, 


5.2. Advantages and Limitations 


This method is particularly advantageous for 
the analysis of samples for which the metallurgical 
preparation, size, or shape cannot be controlled 
sufficiently well to permit application of a self- 
electrode method. It is useful also in the absence 
of bronze metal standards covering the required 
concentration ranges. Because of continuous supply 
of sample solution to the electrode tip, there is 
negligible intensity variation after the first 25 
or 30 sec of exposure (fig. 4); consequently the time 
of exposure may be changed considerably without 
appreciable effect on the intensity ratios. Further- 
more, the intensity ratios are not critically affected 
by variations (up to a factor of 2) in the concen- 
tration of the sample in solution 


TABLE 7 Comparison of chemical and spectrochemical results 
P A we 
Average Average © ibsolute Number 
pectro Difference 
chemical ditferenc of 
Element chemical het weer 
determina between determina 
letermina iverage 
tion ‘ > letermina thor 
ion - 
NX 1 1 rf 4 “) 
Pb 74 2 41 - oO ly “) 
sn ‘ ‘ 4 i4 4 
Zn ‘ 2 ~ iv 4 
Cu au S44 aU AI is *] 
Determined by difference 


The speed of the method is obviously less than 
that for methods using spark excitation of metal 
electrodes. However, in routine analyses one oper- 
ator can maintain a rate of 50 samples analy zed per 
week, which is a time requirement of a little less 
than 10 man-minutes per determination (each deter- 
mination being the average of two runs). An appre- 
ciable gain in the precision of analytical results is 
observed (table 2) for the truncated-tip electrode of 
our design when compared with Feldman’s flat-tip 
electrode [3], both electrodes being tested with the 
same solutions of bronze. The accuracy of the 
method is sufficient for control testing at the concen- 
tration levels encountered, but if the method were 
to be extended to concentrations higher than 5 per- 
cent for the elements determined directly, the accu- 
racy might be insufficient for close control. Limi- 
tations in the method are encountered in extending 
the concentration ranges for analyses beyond those 
given in table 3. To extend the lower limits would 
involve either excessively long exposures or increas- 
ing the metal-to-acid ratio. The latter may be 
feasible, pravided the sample can be dissolved com- 
pletely. Similarly, the extension of concentration 
ranges to higher values is limited by the solubility 
of lead or tin in the acid mixture, although adjust- 
ment of relative concentrations of the acids used 
may provide suitable conditions 








Methods of this nature offer considerable promise 6. References 
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Correcting for Density and Viscosity of Incompressible 
Fluids in Float-Type Flowmeters 


Montgomery R. Shafer, Ernest F. Fiock, Harry L. Bovey, and Ross B. Van Lone 


The theory of the flow of incompressible fluids through float-t ype flowmeters is developed 


by the methods of dimensional analysis 


The relations thus derived have been verified 


experimentally for the specific cases of five flowmeter tubes with 11 liquid hydrocarbons of 


different physical properties 


Parameters that are suggested to describe the performance 


of any float-type flowmeter may be evaluated by measuring the float density and the mass 


rate of flow of fluids of known density 


and viscosity 


Procedures are described whereby, 


after calibration of a metering tube with a few fluids of known physical properties, accurat 
corrections may be calculated for any fluid whose properties lie within the range embraced 


bv the calibration fluids 


to the five metering tubes studied gave corrected values of flow 
ne-quarter percent of the true values of flow 


l. Introduction 


In the course of a program of research on the 
metering of fuels to aircraft engines, conducted under 
ponsorship of the Bureau of Aeronautics, the effects 
f the physical properties of the fluid upon metering 
evices have been studied extensively. Those results 
that pertain to the basic instrument used in establish- 
i actual flow rates are considered of sufficient gen- 
ral interest to warrant separate presentation here 

Float-type flowmeters are convenient for flow 
testing various fuel metering accessories of both 
eciprocating and jet engines because they indicate 
flow rate directly. In such applications there is a 
growing demand for meters that can be used with 
various liquids and for increased accuracy under 
test conditions in which the density and viscosity of 
the test liquid may change with time from such 
causes as evaporation of light ends, admixture with 
heavier hydrocarbons, or inadequate control of tem- 
perature, 

The word fluid appears frequently throughout this 
paper, although only liquid hydrocarbons were used 
n the experiments. This choice of terms was made 
for two reasons. First, the liquid used in testing 
ihe metering accessories of engines is referred to 
almost universally as the test fluid; and second, the 
results of the present study are believed to apply 
also to the metering of gases, provided the pressure 
drop at the float is negligible with respect to the 
absolute static pressure. 

The flowmeter under consideration is of the vari- 
ible-area, constant-pressure-drop type frequently 
referred to as a Rotameter. In such an instrument 
the metering takes place at an opening between a 
movable float and a surrounding tube so shaped 
that the metering area increases as the float rises. 
l'apered tubes of circular cross section and cylindrical 
tubes with tapered flutes have been used with greatest 
The instrument used in the present study 
was of the latter type. 

Most published discussions of float-type flowmeters 


success, 


Application of the proposed method of calibration and correction 


that were alwavs within 


{1 to 5}' have been concerned primarily with the 
basic theory and with mechanical means for reducing 
the sensitivity to density and viscosity of the fluid 
metered. The theory involves a dimensionless coef- 
ficient, analogous to the coefficient of discharge of an 
orifice but more difficult to evaluate and apply, since 
the metering area and the upstream and downstream 
flow conditions change with float position 

By choosing approximate values of the coefficient, 
the theory may be applied in designing metering 
tubes to have desired ranges when used with specified 
fluids. Due partly to lack of knowledge of the 
coefficient and partly to manufacturing tolerances, 
it has been found desirable to calibrate each meter 
with the same fluid later to be metered. It has not 
been feasible to calculate accurately the corrections 
that are necessary when the fluid metered has prop- 
erties differing from those of the calibration fluid 

The present paper describes a method whereby, if 
any float-type flowmeter is calibrated with a limited 
number of fluids having different densities and vis- 
cosities, accurate values of the actual flow rate of 
any fluid having properties in the ranges of the cali- 
bration fluids can be calculated. A meter so calibrat- 
ed might have a linear scale, in which case the results 
could be expressed in the form of calibration curves; 
or it might have a seale indicating the mass rate of 
flow of some specific fluid, with correction curves 
applicable to fluids having different properties. The 
meter thus becomes a more versatile instrument, 
since it can be used for accurate measurement of the 
actual flow rates of fluids embracing a considerable 
range of physical properties, without an individual 
calibration for each fluid. 

The seale of the meter used in the present work 
reads directly in pounds per hour of fluid of specified 
density and: viscosity, since it is common practice to 
express the rate of flow of fuel to an aircraft engine 
in this way. It is likewise common practice to ex- 
press density and absolute viscosity in grams per 
cubic centimeter and in centipoises, respectively. 
indicate the literature references at the end of this paper 


Figures in bracket 
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These units are used throughout this paper, despite 
the fact that the employment of mixed systems is 
objectionable in principle. Since numerical values 
of conversion factors are not required for present 
purposes, no confusion can arise from adherence to 
units with which the user is most familiar 


2.. Description of the Flowmeter 


The instrument used in this study is one of a lot 
purchased by the Navy in 1944 for use on Stromberg 
aircraft carburetor flow benches. It has seven tubes 
connected in series, so that when the range of one is 
exceeded, the next automatically meters the flow, in 
the range from 5 to 4,000 Ib of naphtha per hour. 
Kither the first four or the first six tubes may be 
bypassed by means of two valves to reduce the drop 
in pressure, which would otherwise occur within the 
instrument at high flow rates 

Fach cylindrical glass tube has four tapered flutes, 
symmetrically spaced and parallel to its axis. These 
flutes were so designed that indicated values of flow 
can be observed with the same percentage accuracy 
throughout the entire range of the meter. Within 
each tube is a spool-shaped float of stainless steel 
having a density of 7.589 g/cm 

The meter was calibrated at the factory with a 
hydrocarbon having a density of 0.733+0.002 g/em 
and a viscosity of 0.544+0.011 centipoise, and from 
these data a scale in pounds per hour was ruled for 
each tube. Since the guaranteed accuracy was + 1 
percent, errors up to this magnitude are to be ex- 
pected in the original scales. As will be seen later, 
these errors in the original calibration and in the 
ruling of the scales therefrom introduce some com- 
plications in the present effort to obtain values of 
flow that are accurate to within a few tenths of | 
percent. However, this difficulty can be avoided in 
other instruments by specifying the accuracy of cali- 


3. Description of the Test Fluids 


For practical reasons the properties of the fluids 
used in this investigation were restricted to the 
ranges of interest in testing aircraft engines and their 
fuel accessories. In all, 11 different liquid hydro- 
carbons, ranging in density from 0.68 to 0.80 g/em 
and in viscosity from 0.39 to 1.83 centipoises, were 
used. The pertinent properties of each are given in 
table 1. Fluids 2, 3, 4, 8, and 9 were furnished by 
the Phillips Petroleum Co., and fluid 10 was supplied 
by the Anderson-Prichard Oil Corp. The coopera- 
tion of these firms is hereby gratefully acknowledged 





TABLE | Properties of the test fluids 
Test Absolu 
est tem lensit 

fluid Description 4 Det ’ viscosit 

No 7 , ps 

I Centi poises 

l Navy test bench fluid (used 7 ( 0. 538 
2 Soltrol-100 7 1. 04 
; Commercial iseoctanes * 70 0. 54 

4 eur Soltrol+4r isooce r 7a 

tanes.* 
Varsol a3 77 &21 
6 Varsol+ hydraulic oil (1 77 792 1. 278 
7 Varsol+ hydraulic oil (II 77 787 1.13 
. ASTM n-heptane * sO) asl 0. 386 
“ Commercial n-heptane x 710 434 
Tt A peo 467 st) sol 1. 827 
11 Kerosine 77 Tal 1. 
* Supplied by courtesy of the Phillips Petroleum ¢ 


> Supplied by courtesy of the Anderson-Prichard Oi) Cory 


4. Experimental Procedure 


The two smallest tubes of the flowmeter, covering 
the range from 5 to 45 lb/hr, were not used because 
the accuracy with which the actual flows could be 
measured at these low rates was not sufficiently 
high with available equipment. In each of the re- 
maining five tubes, actual flow rates were determined 
with all test fluids at positions of the float near the 





bration and scaling that is desired 


rarnie 2 
Actual flow, M, 
rut Indicated 
" 
flow, M;, 
l 2 ‘ 
hr 

55 ‘4. 72 9M 4. 52 52. 12 52. 99 

aS aS. 10 79. 27 St Ne 82. 07 a OOS 

120 1m. 2 114.2 12.0 117.0 118.9 
‘ 140 140.0 
4 160 160.4 1M. 2 160. 2 157.8 150.9 
4 Iso) 180.9 
‘ 210 211.7 24.1 211.6 208. 3 211.7 
4 a" 1.0 
‘ ho weg wo. 3 wn. 7 wi. 7 Os 
1 40 1.7 

we ws ~e0 2.5 105. 9 105.0 

ny) 422.9 MT_S 523. 8 515.0 523.7 

Too 7O1.9 one. 2 703. 3 604.7 706. 9 
‘ uw on. 5 aa 3 ws. I a | 912.5 
' 1 1208 11aA 1211 1a) 1221 
t\ 1600 16068 1578 lao 1504 1621 
7 2000 2m 1962 207 1480 202) 
7 2n00 2H 255s NS 2588 227 
" 400 S05 S446 408 


lb/hr 
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Summary of experime nial results 


test fluid number 
? s 
“75 4. 88 
SI. 30 S44 
117.2 117.7 
158. 6 157 
20.8 28 
wel wG. 2 
wes M1 
21.2 VA. & 
705. 2 682.4 
we. 2 RAD), f 
1219 1178 
1620 1570 
2013 17 
2: 2522 
4 t291 


5. Oe 46.15 17 
85. 29 77. 48 7s 
119.8 113.7 113. 5 
139.9 133.8 
150.7 153.9 l 
180. 2 174.9 
210.3 205. 3 a 
258. 9 2é4. 0 
w7.9 w2. 5 ws 
3 $32. 

308 91.0 a1 
517 2.4 13 
603. ¢ 606.8 697 
803.9 804.2 Si 
1197 1201 1202 
1507 1599 16ol 
10s4 1979 1980 
2572 2506 DSS 
352 S306, 3390 






























wottom, center, and top of the tube. Tube 4 was 
alibrated in considerably greater detail, including 
r additional float positions with three test fluids, 
addition to a reference calibration at intervals of 
em. Each measurement was repeated at least 
ce, and examination of the data leads to the be- 
f that the error in an individual observation seldom 
eeded 0.25 percent. The temperature of the fluid 
tering the meter was controlled to within +1 deg 
of the values listed in table 1 under test temper- 
ire 
Three sets of equipment were used for determining 
tual flow rates. In earlier work with fluids 1 
rough 5, when these left the meter at rates between 
) and 320 lb/hr, they were directed over a weir into 
olumetric flasks. ‘Time, volume, and density were 
veasured for each sample. Larger flows were de- 
ermined by weighing and manual timing. In later 
vork with fluids 6 through 11, a gravimetric cali- 
brating stand with automatic timing was used 
hroughout the entire flow range. 
Densities of the test fluids were obtained from ac- 
irate hvdrometer readings and the data of NBS 
Circular 410; their viscosities were determined by 
Rk. C. Hardy of this Bureau, whose assistance is 
hereby acknowledged. 
lhe average results of all flow measurements are 
viven in tables 2 and 3 





TABLE 3 Results of referer calibration of tube 4 
. Actual flow o Actual flow 
| vate. M, cale reading sate Bt 
Mi. Dahr Nihr m M;, thjhr lhjhr 
124.9 4 219.0 2m. ¢ 
2 132.4 2 224.1 225.9 
135 135. 4 2t 20.3 231.1 
138. 7 138. 7 27 24.8 2.8 
41.9 i4l 2s 240.2 242.0 
145.1 145.0 29 ”4 
14s 148.9 0 253 
‘ 19 152 259 
{ l 2 5. 3 
1 159.4 a71.¢ 
162.9 13.4 4 276.4 277.9 
lf ; 147.2 22.9 ™.4 
1.0 171 f 280. 2 2008 
74.1 175.4 265.1 207.4 
8.2 17.4 s 10s LL 
182 Iss. 4 , a0 s11.8 
1S#. f 187.8 1) 17.9 19 
‘ 191.0 192.4 11 325. 5 $27.1 
m4 106.8 42 33.3 3 
14s 201 45 41.3 45 
a4 206, 0 44 49.0 1.8 
2. 1 210.9 5 1.0 
214.0 215.9 


5. Analytical Considerations 


The problems of interest in this study may be 
stated as follows. It is desired to consider those 
quantities that affect the performance of float-type 
llowmeters under steady flow conditions; to derive 
expressions relating these quantities; to check these 
relations experimentally; and to establish the limi- 
tations that apply to the final solutions. It is de- 
sired also to determine the effects of density and 
viscosity of the fluid upon the performance of a 
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flowmeter, and to develop procedures whereby, after 
calibration with a few fluids of known physical 
properties, accurate corrections can be calculated 
and applied when other fluids are used. 

Previous investigators have developed relations 
pertaining to the performance of these meters by 
deriving expressions based upon Bernoulli's equa- 
tion, Torricelli’s theorem, and the laws of resistance 
to flow. Although most of these derivations are 
sound, certain important limitations to their prac- 
tical application have been overlooked at times. 
The method of dimensional analvsis has been chosen 
from among the various methods by which the theory 
of float-type flowmeters could be presented. This 
method does not in itself provide a complete solution 
Rather, it vields functional relations that become 
explicit only when combined with appropriate ex- 
perimental data. Equations derived in this manner 
may then be used to predict and explain the effects 
of the various quantities upon the over-all perform- 
ance of the meter. 


5.1. Theory 


Consider the float-tvpe flowmeter shown sche- 
matically in figure 1, consisting of a vertical tapered 
tube, the area of which increases from bottom to top, 
through which a fluid of density p and viscosity y is 
flowing upward at a constant mass rate, 1. Within 
the tube is an object that is free to move in the ver- 
tical direction and that may be called a float, al- 
though its density, p,, is greater than p. The exact 
configurations of the tube and float need not be 
specified. Thus the consideration will apply to a 
variety of shapes, including tubes that are fluted, 
beaded and circular, and floats that are shaped like 
plumb bobs, spools, and disks. All of these have 
found application in practical flowmeters 

As a first step, it is necessary to select those quan- 
tities that may affect the drag or resistance force, R, 
acting between the flowing fluid and the stationary 
float. Experience indicates that R may be affected 
by the velocity, density, viscosity, and compressi- 
bility of the fluid and by the various geometrical 
dimensions pertaining to the configuration of the 
tube and float and to the orientation and position of 
the float. Among these dimensions, one may be 
selected as a characteristic length, ), designating 
the size of the meter, and all other lengths may be 
expressed in terms of this characteristic length as the 
dimensionless ratios, 7, 7, .. . ? Practically, it 
is simpler to use the mass flow rate, M/, through the 
tube than to express the rate of flow in terms of 
velocity, since M is measured directly and questions 
as to what velocity is ‘under consideration are 
avoided. 

The assumption is made here that the fluid is in- 
compressible, since primary interest here is in liquids, 
and since the derivation is simplified by omitting 
the effects of compressibility. This does not mean 
that the results are never applicable to the flow of 
gases, but rather that the range of applicability is 
limited to those cases in which the fluid undergoes a 
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Figure |. Schematic 
sketch of a faat type 
flowmete 








negligible change in density as it passes the float 
In other words, the analysis does apply to gases, pro- 
vided that the drop in pressure across the float is 
only a small fraction of the absolute pressure 
Subject to this limitation, and under the assump- 
tion that only those factors discussed above con- 
tribute significantly to the drag force, their inter- 
dependence can be expressed in the form 


F(R, M, p, wu, D, ry, re. ’ (0), (1) 


where F denotes “function of.”’ 

This equation contains five dimensional quantities 
and an unspecified number, 7, of dimensionless length 
ratios. The dimensional quantities involved can 
be expressed in terms of three fundamental physical 


dimensions; mass (m), length (2), and time (@) In 
accordance with Buckingham’s Pi theorem [6, 7] 
eq | can be expressed in terms of ((+5)—S<i+42 


dimensionless quantities. Of these, i are merely 
length ratios, r,, which define the shape of the meter. 
Thus eq | may be written 


ro=0 (2) 


f(11,, Il, 71, 7, 
Various methods can be used to form the dimen- 
sionless variables Il, and Il,, which contain only the 
physical quantities R, M, p, uw, and )). One pro- 
cedure is to select any three of the latter that are 
independent, that is, no one of which can be formed 
merely by combining the other two in any way, and 
to associate these three in turn with each of the 
other two quantities so as to obtain the two dimen- 
sionless variables. To this end it is necessary to 
recall that the dimensions are as follows: [/?]=[m/t~*]; 
[Af] =[mt~"]; [p] [ml]; [a] [ml] 2 and [D]=[/). 
Since the primary interest is in the effects of 
viscosity upon the mass rate of flow, it seemed de- 
sirable to derive Tl, and II, in such a way that one and 
only one would contain M, while the other alone 
would contain uw. This left 2, p, and )) as the three 


quantities that may be involved in both I, and Th, 
On this basis the quantities were arranged in thy 
form of quotients such that the physical dimensions 


VV D vip: ane 


cancelled, giving the following: II, 
ll, == p/VRp 
Substitution of these values in eq 2 gives 
iM Dy Rp, MY Ro, ri, Te, ry 0), } 
or 


V/ Dy Rp 


O\u Vip, rn, Pe, ry) } 


Subject only to the aforementioned limitation as to 
compressibility, eq 4 should hold for all float-typ: 
flowmeters, regardless of the configurations of thy 
parts or of the densities and viscosities of the fluids 
The function @ may have an infinite pumber of 
forms depending on the configurations of the various 
parts of the meters, that is upon the r; ratios. As 
these ratios may vary in countless ways from meter to 
meter, it is concluded that no single form of @, and 
therefore no single equation, will represent th 
performance of flowmeters of different shapes 
Even along a single metering tube with a given 
float, the shape factors that influence the motion 
of the fluid as it passes the float do not remain 
constant. Thus it is also concluded that no single 
form of ¢, and therefore no single equation, can be 
expected to represent accurately the performance 
throughout the length of a single flowmeter tubx 

However, if the consideration be restricted to a 
single float shape at one given float position in a 
particular metering tube, eq 4 reduces to 


M/DyRp 


Du yp). » 


As the stationary float is unrestrained in_ thi 
vertical direction, the drag force must exactly balance 
the force of gravity. Thus 


R=qv(p.,—p), 6 


in which g and ¢ are the acceleration of gravity and 
the volume of the float, respectively. 


Substitution of this value of R in eq 5 gives 


M/Dyav(p.— p)p = Ou/vael(ps—p)p), ‘ 


M/X 


or 
,(u/.N), (8 


in which X is used to replace the quantity y(p,— p)p 
ry’ ° 
The quantities D, g, and ¢ are constant for any given 
float, so they may be omitted and their effects 
absorbed in the new function ¢,. 

For reasons that will be appreciated later, it ts 
convenient to express the relation of eq 5 in the form 


M/u=o(X/u). (9) 


This transformation is valid since only dimension- 
less quantities are being treated. Thus, referring to 
eq 5, it is legitimate to multiply M/DyRp by 
VRp/u, giving M/Dyu for the left-hand membe: 
and to invert the right-hand member. Again / 
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replaced by its equivalent from eq 6, and the 
ynstant quantities 1), g, and ¢ are omitted as before 
(ll quantities in the arguments of eq 8 and 9 can 
measured by experiment If the equations are 
ect, plots of M7.X versus w/)X and of M/y versus 
should vive smooth curves, the shapes of which 
stitute empirical determinations of the functions 
nad @& for the selected float position 
lo make a comprehensive test of these equations, 
actual flow rates of 11 test liquids, varying in 
sitv from 0.68 to O.S0 ¢/em®* and inv ISCOSILY from 
0 to 1.83 centipoises, were measured at three 
cted positions of the floats in each of five different 
wwmeter tubes, designated as tubes 3 through 7 of the 
Measurements were also made at 
positions in tube 4. These 
xpermmental data are summarized in table 2 
Each of the floats was a spool of stainless steel 
ving a density of 7.589 g/em*. Since XV appears 
both eq S and 9, and since p, was constant, a 
rve of .V as a function of p, as shown in figure 2, 
roved convenient in the reduction of the results 
Figures 3 through 7 show AIX as a function of 
\ for the five meteringtubes. Figure 8 shows M/yu 
isa function of X/u for tube 4. Each figure applies 
three or more float positions, which are designated 
by means of numbers on the existing seales of the 


en tube meter 
additional float 


eters 

In every case the experimental points for all test 
fluids at any one float position lie on a single curve, 
vith no value deviating from its curve by more than 
the experimental error of a few tenths of one percent 
Thus the validity of eq 1, 8, and 9 is demonstrated 
over the range of densities and viscosities studied 
This means that no factors that significantly affect 
the flow past the float have been omitted in the 
mensional analysis, that the application of the 
sults is limited only as stated above, and that the 
present tests were made within these and no other 
mitations 
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actual flow rate of any fluid having physical proper 
ties within the ranges embraced by the test liquids, 
provided the float came to rest at one of the isolated 
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Ficure 3 Plot of M/N versus “u \ for tube 4. 
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Plot of M/N versus w/X for tube 8. 
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Fiaure 7 


Plot of W/V versus pw! V for tube 7. 
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bictre S Plot of M pm versus \ pw for tube ; 


Since this is 


positions for which the curves apply 
inlikely, a more general interpretation of the results 

essential to their practical application. However, 
before proceeding with this, the application of the 
data in evaluating the separate effects of density and 
viscosity on meter performance will be discussed 
Such information has practical importance in estab- 
lishing permissible tolerances in fluid properties for 
any desired accuracy of metering and in evaluating 
changes designed to reduce the Sensitivity of the 
meter te the physical properties of the fluid by modi- 
fying the constituent parts 


5.2. Effects of Changes in Viscosity, Density 


Remaining Constant 


The effects of changes in fluid viscosity upon the 
performance of the meter, provided the density of the 
fluid remains constant, can be obtained directly from 
The curves in these figures give the 
empirical evaluations of the function @, of eq 8 

If the fluid density is held constant at a value p,, Y 
will have a corresponding constant value Y,, and 
eqs becomes 


a - 
ivures 5 to 4 


M, » od; (mu, 18 a (Sa 


n which the subseript p indicates that the density is 
onstant. Since Y, is constant, .V, varies with 4, 
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alone and eq Sa can be written as 
V/, re) Mu Sb 


The functions @, of eq 8, Sa, and Sb are identical, 
and for any particular float position the form is given 
by the appropriate curve in figures 3 through 7 

In order to show how 7, varies with y,, any arbi 
trary value p, may be selected. Here the value 
p. 0.750 g/em is used. Compute the corresponding 
value of V., and for assumed values of gu, over the 
range of interest, compute values of the ratio w,/\ 
Read the corresponding values of 17, XY, from one of 
the curves of figures 3 through 7, and finally compute 
Vo (MM, NON, for each assumed value of y, 

Typical results obtained in this way, applicable 
specifically to three float positions in tube 4, are 
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instrument were completely insensitive to changes in 
viscosity, the curves in this figure would be horizontal 
straight lines 

The significance of the date of figure 9 can be 
illustrated by a numerical example. Suppose that 
two fluids having a density of 0.750 g/em* were used 
as follows. The meter was calibrated with fluid A, 
having a viscosity of 0.4 centipoise, and later fluid B 
having a viscosity of 1.8 centipoises was metered. If 
no viscosity correction is applied, the observed flow 
rate of fluid B will be approximately 8 percent too 
high over the entire length of the metering tube. Due 
to the large difference in viscosity that was assumed, 
this figure represents a maximum that would seldom 
be approached in conventional applications. 


5.3. Effects of Changes in Density, Viscosity 


Remaining Constant 


Equation 9 and figure 8 may be used to show the 
effects of changes in density when the viscosity 
remains constant. Using the same conventions and 
reasoning as before, eq 9 becomes 


M,/ ue AX, / ne) >| V (Pam Pu) Pu) Be (a) 
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Fiaure 10. Effects of fluid density 
0.60 centi porse and 


certain float positions in tube 4 when pe 
pe=7 589 gicm' 


or 

M, (py), (9b) 
in which the function ¢ depends upon @., p,, and 
the selected value of M, 

Proceeding as before,an arbitrary value is assigned 
to u,, the value 0.600 centipoise being used here 
For assumed values of p, over the range of interest 
compute VY, = y(p.—py)pe,, then calculate X,/u., read 
the corresponding values of M,/u. from a curve in 
figure 8, and finally compute M,=—(M,/u.u, for each 
assumed value of p,. Results applicable to three 
float positions in tube 4 are shown in figure 10. At 
any constant float position in tube 4, the actual flow 
of two liquids having densities of 0.6 and 0.8 g/em*, 
each having a viscosity of 0.6 centipoise, differs by 
about 15 percent. 

It is to be noted that the effect of increased visco- 
sity on flow rate is in the opposite direction from that 
of increased density. For hydrocarbons in general, 
light liquids have low viscosities and beavy liquids 
are more Also, for such liquids a given 
change in temperature causes both density and 
viscosity to change in the same direction. Therefore, 
the effects of changes in these physical properties 
upon the metering will normally be of opposite sign 
This means that the metering error due to a change 
in density is usually compensated in part by that 
from the accompanying change in viscosity. 


Viscous, 


6. Application of the Results 


The previous analysis shows the effects of density 
and viscosity on the performance of the meter at 
selected, isolated float positions. To be generally 
useful, it is necessary to develop procedures whereby 
this analysis can be applied at all float positions 
along the metering tube. It is desired to evaluate 
corrections, preferably in the form of difference 
charts, applicable to either a single fluid of known 
density and viscosity, or to all fluids whose physical 
properties fall within the range embraced by the 
calibration fluids. 

Conventional flowmeters are usually equipped 
with either linear scales, reading in centimeters or 
inches, or flow rate seales, graduated in mass flow 
rate units of a liquid of specified properties. Before 
these scale readings can be utilized in applying cor- 
rections for different fluids at any float position, a 
final reference calibration is required. 


6.1. Reference Calibration 


Errors that may arise from imperfections in the 
tube, from the factory calibration, and from the 
ruling and positioning of the scale can be eliminated 
by an accurate calibration with a single liquid whose 
physical properties need not be known. Since 
differences obtained with other fluids are reckoned 
from this calibration, it is termed a reference cali- 
bration. 

A reference calibration of tube 4, equipped with 
a linear scale as well as the factory scale graduated 
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position 


n pounds per hour, was made at 45 float positions, 
hat is, at intervals of | em on the linear seale. At 
each float position the actual flow rate, \/,, was 
etermined, the linear seale was read, and the 
ndicated flow, M was observed The results are 
immarized in table 3 
For a meter with a linear seale, this calibration 
in be represented by the curve of figure 11, in which 
\/, is shown as a function of the position of the float 
n centimeters above an arbitrary zero Drawn to 
large enough seale, such a curve may be used to 
ead flow rates with an accuracy of about 0.1 percent 
For a meter graduated in terms of flow, it is 
convenient to express the reference calibration in the 
form of a difference curve such as that shown in 
figure 12, which is applicable to tube 4. In this 
rure the difference \/ V/, is called a composite 
error, /. as it involves both accidental errors and 
systemmatic differences. Actually, the density and 
viscosity of the reference fluid differed considerably 
from the corresponding properties of the fluid with 
vhich the meter was calibrated originally, so that 
the values of & should not be confused with the 
maller errors in the original calibration from which 
he seale was ruled, 


6.2. Combined Correction Procedure for a Single 


Fluid 


Suppose that a given meter is to be used with a 
ngle fluid of known density and viscosity. It is 
esired to devise a procedure and develop a correction 
hart from which the actual flow rate, M, of this 
articular fluid may be calculated accurately at any 
ndicated flow rate, VM 
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Fiaure 12 Composite error from the reference calibration of 


tube 


It has been shown that two corrections must. be 
considered, namely one for errors in the existing 
scale, and one for the density and VISCOSILY of the 
fluid to be metered. Determination of the com- 
posite error, /, as illustrated in figure 12, provides 
a possible means of correcting for the scale errors 
From this figure any observed value of indicated 
flow, \7,, can be converted into the actual flow of 
the reference fluid by the relation M,=—H4M, 
Having obtained the value of MV, at any indicated 
flow reading, the difference between the actual flow 
rate of the fluid to be metered and the actual flow 
rate of the reference fluid, that is, (\/ V/ is due 
solely to effects of differences in density and vis- 
COSILY of the test and reference fluids 

The actual flow rate, 7, of the fluid being metered 
is the sum of the quantities \1/,— #4 M,and M— M.,. 
The value of / corresponding to any observed value 
of M, can be read from figure 12, so that 7, is known 
To calculate MV requires in addition a correction chart 
from which the quantity \7—A/, can be read. The 
development of such a chart will now be discussed 

For this illustration, suppose it is desired to use 
tube 4 of the present instrument to meter a fluid 
having a density of 0.745 g/em* and a viscosity of 
0.924 centipoise at the temperature prevailing in the 
meter. 

From figure 2 the value of Y corresponding to 
p=0.745 is seen to be 2.258. The corresponding 
value of w/.V for our example is 0.924/2.258 0.409. 
These, as well as the fellowing computations, are 
tabulated in table 4 


TaBie 4 ( omputation of V V, in tube 4 ou hen p O., 48 
aqaem and iv O4N24 centiporse 
y » 258: wp New 0400 

V It le in lta I= 210 ae Ww Ww 
Fivat position, em 14 Ww. 2 15.4 2 1.4 wo ws 

I Vl M,, ibyhe 0.2 0.4 tid +17 +1 +14 

M VM.+ Fibber e.8 160.4 ISD) 211.7 yi) | 11.4 42.2 
wy w6 “0.3 74 ne 113.2 is 148.2 
We 2.20(M/X)lbbr Les Lhe 177.0 BOGOR 24 we 2 16 
W— M,, Ib/hr 0 ae] 4.1 iu ; ; 2 iF 


The first line of table 4 lists the seven float posi 
tions, that is, values of \/,, at which the calibration 
curves of figure 3 were determined 


The same float 
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Fiaure 13, 


and p=0.924 centi poise 


positions, as indicated on a linear scale above an 
arbitrary zero, are given in the next line. The 
appropriate values of £, as read from figure 12, and 
the values of 1f4,—M,-+-E are listed in the next two 
horizontal lines. 

Referring again to figure 3, the tabulated values 
of M/X corresponding to the constant value 
p/ X=0.409 were read from each of the seven curves. 
The actual flow rates, M, were then obtained by 
multiplying each value of M//.X by 2.258, that is, by 
the Y for this particular example. Having thus found 
seven corresponding values of M and ,, the desired 
correction, \f—M, can be plotted as a function of 
M,, as is done in figure 13. 

For the fluid chosen as an illustration, the correc- 
tions (/—M,) range from 3.0 to 7.6 lb/hr, and 
none of the seven points deviates from the smooth 
curve by more than 0.2 percent. Hence the combined 
effect of density and viscosity is to produce regular, 
rather than stepwise, changes in metering over 
the length of the tube. 

Any indicated flow reading obtained with a fluid 
having the selected properties may now be corrected 
as follows by using figures 12 and 13. For any 
indicated flow reading, M,, the corresponding value 
of Fis read from figure 12 and the valueof 1/,= E+ M, 
iscomputed. The corresponding value of (4/—.M,) is 
then obtained from figure 13. Finally, the actual 
flow rate is obtained by adding M, to M—.M,,. 

For a meter having a linear scale, M, is read from 
figure 11 at a saaaber of float positions, and the 


corresponding values of M are determined by use of | 
A calibration curve applicable to this | 


figure 13. 
specific fluid may then be plotted in terms of M as 
a function of the position of the float in centimeters. 


6.3. Combined Correction Procedure for Any Fluid 


Application of the procedure outlined above 
requires a correction chart or calibration curve for 
each fluid to be metered. If several different fluids 
are to be metered, a more general method of corree- 
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tion is desirable, that is, one which is applicable to 
any float position and to any fluid for which the 
value of uw/X lies within the range embraced by the 
calibration fluids. 

As in the previous example, corrections for both 
the composite error and the properties of the fluid 
must be considered. The composite error may be 
treated as before, by converting indicated flow rates, 
M,, to actual flow rates, A/,, of the reference fluid 
through the use of figure 12. It is then necessary 


| only to develop a chart to correct for differences 


between the densities and viscosities of the reference 
fluid and any other fluid that may be metered. The 


| development of such a chart will now be discussed 


For the present consideration of a float of constant 
shape, regardless of its position within a single 
metering tube, eq 7 may be written as 


M DX ygv o(u Nyge, r), 10) 


in which the dimensionless ratio r is used as an 
indication of the float position. 

With any constant value of the parameter 
u/X ge, the product M/DX qe will be a function of 
For this particular condition it is permis- 


(M/DX yge)—r o;(r) (10a) 


where the form of the function ¢; will be different for 
each value of u/X yge. 

The dimensionless ratio r has been used to define 
float position. As will be seen in figure 11, this can 
also be defined by M,; thus, r may be replaced by 
M,. Also, it is useful and permissible to multiply 
M/DX~ qe by a dimensionless number A. Equa- 
tion 10a may now be written as 


(10b) 


(AM/X)—M,=¢,(M,). 
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Neither D), 7, or g varies for any particular float, so 


that they may be omitted if their effects are absorbed 


in the new function @, 

Restating the limitations, Equation 10b applies to 
a constant float shape, regardless of position within a 
single metering tube, for any constant value of 

\. By arbitrarily choosing values of «/Y in the 
range of interest, a family of curves of (AM/NX 
\/,) versus .M, can be obtained, as has been done in 
figure 14. 

Although the constant A may be assigned any 
arbitrary value, it is desirable that the quantity 
i\)X—M, be kept small so that correction curves 
made therefrom can be read to a high percentage 
accuracy. This situation prevails when A is ap- 
proximately equal to the average value of Y for the 
calibration fluids, which, in the present case was 2.3 
This value was therefore used in computing table 5, 
from which figure 14 is plotted. 

The development of this table and figure, again 
applicable to tube 4, will now be explained. Column 
| of table 5 lists the seven values of AJ, at which 
the calibration curves of figure 3 were determined 
These same float positions, as indicated on a linear 
scale above an arbitrary zero, are given in column 2. 
Corresponding flow rates, .M/,, of the reference fluid 
may be obtained from either figure 11 or 12, and are 
listed in column 3. 

Values of u/X from 0.2 to 0.8, in intervals of 0.1 
were chosen arbitrarily. For each of these, seven 
values of M//X were read from the curves of figure 3, 
and the quantities 2.3 M/X and 2.3 M/X—M, were 
computed and tabulated. The latter values were 
plotted versus MV, in figure 14 for each of the chosen, 
constant values of u/X. From this family of curves, 
used in conjunction with figure 12 when the meter has 
been sealed to read in terms of flow rate, any indi- 
cated value of the latter can be converted into actual 
flow rate, provided only that the density and v iscosity 
of the fluid being metered are known, that calibra- 
tions such as those of figures 3 and 12 have been 
made, and that the properties of the fluid lie within 
the ranges embraced by the calibration fluids. 


To illustrate the use of figure 14, assume that a 
fluid having p=0.740 g/em* and p=—0.924 centipoise 
is flowing through tube 4 at an indicated flow rate of 
310 lb/hr. From figure 12, H=1.4, so that 
311.4 1b/hr. From figure 2, Y=2.258. The value of 
u/ XN is 0.409. From figure 14, by interpolation to 
p/X=0.409, at M,—311.4, 2.3M/XN—M 5 


The actual flow rate is 


M—((AM/XN—M, 


1.54311 2.258/2.3) 


VIXIA 


$04.2 lb/hr 


It will be noted that this is identical with the value 
computed by a different method in table 4 

A procedure has been described whereby a float- 
type flowmeter may be used to meter any fluid having 
a value of u/ XN within that range embraced by those 
fluids used to calibrate the meter. Questions 
concerning the extent of the calibration and the 
accuracy of the procedure naturally arise. These 
cannot be answered explicitly, because much depends 
upon the characteristics of the instrument under 
consideration, For a meter already calibrated and 
sealed, the accuracy of previous work is also involved. 
Still another factor that varies from meter to meter is 
the extent and manner in which AZ/V changes with 
u/X. If, for example, the curves of figures 3 through 
7 were approximately straight lines over the range of 
interest, calibration with three fluids would suffice 
Another design might show sudden changes in the 
relation between M/X and y/X, particularly at high 
values of yw/X. In this five or even more 
calibration fluids would be required. Since this 
relation can be determined only by experiment, these 
curves should never be extended beyond those 
values of y/X for which experimental data 
available. 

For the meter used in the present study it appears 
that calibration with 4 or 5 fluids instead of 11 would 
have sufficed to define the curves of figures 3 to 7. 
It also seems, because of the smoothness of the curves 
of figures 13 and 14, that calibration of each tube at 
four float positions would have been ample. Posi- 


cause 


are 
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| em! 


tions close to both top and bottom of the tube should 
be included, because of the effects of entrance and exit 
flow conditions. When the flow pattern within the 
tube is influenced by the connections to the meter, 
the same connections should be used Curing calibra- 
tion and service 

For the reference calibration yielding figures 11 and 
12, approximately one-third the number of points 
taken would have sufficed for a meter of this quality , 
However, if the tube and its scale had been crudely 
made, it might have been necessary to calibrate at 
intervals of less than 1 em 


7. Summary 


The float-type flowmeter is very convenient for 
measuring instantaneous rates of flow Results 
accurate to within a few tenths of 1 percent can be 
attained with the meter used in the present study, 
provided adequate corrections are applied for the 
effects of the density and Viscosity of the test liquid, 
and for imperfections in the original calibration and 
scale. 

Usually such meters are calibrated and scaled at 
the factory in mass flow rate units for a liquid of 
specified properties. The present work was under- 
taken in an effort to develop means whereby the 
meter need not be calibrated directly with each 
liquid that is to be metered. The results show that 


this can be accomplished for meters of the quality 
used in these tests by calibrating each tube initially 
at four positions of the float with four or five fluids 
having physical properties embracing the ranges of 


future interest. Calibration with one liquid at a 
greater number of float positions is also required to 
eliminate errors due to possible imperfections in the 
tube and its seale. With such calibrations avail- 
able, methods are presented whereby correction 
charts or calibration curves applicable to all fluids 
having properties within the ranges of those used in 
the calibration may be computed. 

The present analysis expresses flowmeter perform- 
ance as a functional relation between the parameters 
M/X and u/X. These parameters are developed by 
dimensional analysis, supplemented by experimental 
verification of the fact that no quantity that has a 
significant effect on the flow of fluid past the float of 
the meter has been omitted. The analysis is general, 
in that it applies to all kinds of float-type flowmeters, 
regardless of the configuration of tube or float. The 
derived relations apply for all imcompressible fluids 
and for gases under the limited condition that the 
drop in pressure across the float shall not be an appre- 
ciable fraction of the absolute pressure. 


The analysis also indicates why previous attempts 
to develop theoretical equations applicable through- 
out the entire length of one flowmeter tube, or for 
more than one meter, were not markedly successful 
Actually it is not to be expected that a single theoreti 
cal equation can express accurately the performance 
of a single flowmeter over its entire length under all 
conditions likely to be encountered in service. 

Experimental values of the parameters M/X and 
u/X, obtained from calibrations with a series of 
fluids at selected positions of the float, are shown to 
be useful, not only in determining corrections that 
must be applied when fluids having other properties 
are metered, but also in evaluating the separate 
effects of density and viscosity on meter performance 

Most of the results presented apply specifically to 
tube 4 of the meter actually used in these tests 
Similar results with other tubes confirm the sound- 
ness of the proposed method of correction, but do not 
require presentation in detail. Whereas the cali- 
bration procedure and the methods suggested for its 
subsequent use, as outlined here, are believed appli- 
cable to float-type flowmeters in general, it is empha- 
sized that the numerical values quoted apply only to 
the specific meter used, and that the correction charts 
are intended as examples, and not for use with any 
other instrument. 


The suggestions and assistance of H. N. Eaton, 
Chief of the Hydraulics Section, in applying the 
methods of dimensional analysis to the present 
problem are gratefully acknowledged. 
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Mutarotation, Hydrolysis, and Structure of 
D-Galactosylamines 
Harriet L. Frush and Horace S. Isbell 


Of the two previously described galactosvlamines, one has been shown to be a mixture 


\ pure compound has now been isolated from it 


pure modifications of a glycosvlamine 


and hydrolysis of the 
mechanisms previously advanced by us 


l. Introduction 


Reaction of ammonia or suitable amines with 
sugars produces glycosylamines by replacement of 
one ammo hydrogen with a glycosyl group. The 
compounds are of interest, because, like many 
biologically important substances such as nucleic acids 
ind certain coenzymes, they contain an N-glycosy! 
linkage. Ina previous publication [|1],' it was shown 
that in solution L-arabinosylamine, 1, undergoes a 
mutarotation reaction that is followed or 
panied by hydrolysis of the amino group. The 
mutarotation is strongly catalyzed by acids; the 
hydrolysis, like certain enzyme reactions, is rapid 
only in the pH range 3 to 7. Mechanisms were 
advanced to account for these unusual properties, 


accom- 


through the intermediate formation of the imonium 


on & NH. 


ng combination of the imonium ion with hydroxyl 
on, and decomposition of the resulting aldehyde 
ammonia. Lack of reaction in highly acid solution 
was ascribed to low hydroxyl ion concentration, and 
lack of reaction in alkaline solution to low imonium 
ion concentration. To provide additional support 
for the mechanisms, a study has now been made of 
the D-galactosylamines 


Hydrolysis was conceived as involv- 


OH OH H 


C—CH.NH 


OH 


L-Arabinosvlamine 


the 


2. Preparation and Structure of 
Galactosylamines 


By treatment of galactose with ammonia and 
methanol, de Bruyn and Van Leent [2] obtained two 
alactosylamines of unknown structure. One of the 
imines had an initial specific rotation of +87°, and 
contained a mole of loosely bound ammonia; the 
other had an initial specific rotation of +64°, and 


Figures in brackets indicate the literature references at the end of this paper 


two galactosvlamines were studied and found to be 


thus making available for the first time two 


The structure and properties of these compounds 
and of certain derivatives have been determined 
of reference compounds useful for the assignment of structure in this field 


substances constitute a group 
The mutarotation 
in harmony with 


The new 


was ammonia free. These compounds have now 
been prepared and their structures determined 
By repeated recrystallization of the ammonia com- 
plex, the initial rotation was raised from +-87° to 

138 Inasmuch as the optical rotation could not 
be further increased, it is believed that this material 
is a pure modification of the galactosylamine 
Preparation of the amonia-free form of galactosy 
lamine by a number of methods, and repeated 
recrystallization of the product, gave a substance 
having an initial specific rotation of -+-62° in com- 
parison with the value of +-64° reported in [2] 
The two modifications of galactosylamine were 
acetvlated, and yielded crystalline pentaacetates, 
which differed in properties. By deacetylation of 
the pentaacetates, the corresponding crystalline N- 
acety lvalactosvlamines were obtained, and the latter 
compounds were shown by periodate oxidation and 
study of the dialdehydes to be an alpha-beta pyranose 
pair, Since mild conditions of acetylation and 
deacetylation were employed, it appears reasonably 
certain that the parent galactosylamines as well as 
the corresponding pentaacetates are also alpha-beta 
pyranose pairs. The mutarotation and hydrolysis 
of the two galactosylamines have been studied, and 
found to be in harmony with the 
previously advanced 

In accordance with convention, the more dextro- 
rotatory amine IT (known in the form of the ammonia 
complex) is designated alpha; the less dextrorotatory 
amine IIT is designated beta, even though it does not 
exhibit normal mutarotation. The lack of mutarota- 
tion might suggest that the compound is an isomeric 
mixture. Such a mixture, however, on mild acetyla- 
tion, would have vielded a mixed acetate. The fact 
that a high vield of a nearly pure acetate was obtained 
supports the conclusion that the parent glyvcosvlamine 
is a single modification and that the equilibrium 
mixture for p-galactosylamine consists almost entirely 
of the beta form 


mechanisms 


H OH OH H 
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3. Mutarotation of a-D-Galactosylamine 
Ammonia Complex and _ 3-D-Galactosyl- 
amine 


The changes that 
amine ammonia complex is dissolved in water are 
given in table 1. The behavior of the substance 
resembles that of L-arabinosylamine in that the 
optical rotation, [a}?’, drops to a minimum and then 
rises slowly. The first change may be ascribed to the 
mutarotation reaction and the second to hydrolysis 
Table 2 gives a comparison of the behavior of a-p- 
galactosylamine ammonia complex and of -p- 
galactosvlamine in water and in aqueous 2.5 N HC! 
At the time of the earliest reading in acid solution the 


occur when a-p-galactosvl- 


TABLe |! Vutarotation of a-v-qgalactosylamine* 


0.5 g a->-galactosylamine ammonia complex dissolved in water to give a 


volume of 25 mi at 20°C 


Hydrolysis 


rate con 


Mutaro 


a} tatior 


(ammonia constant stant 


free basis ke kns 


0. 00008 
(mae, 


0004 000006, 


* Experiment |, see table 
» he 1/t log lo lx 
Raydre 1/(fe—ti) low lx r 
4 Caleulated initial rotation 
« Calculated rotation for complete hydrolysi 


two substances exhibit within experimental error the 
same optical rotation (+-63.0°). This value is pre- 
sumably that of the alpha-beta equilibrium mixture, 
since in acid solution equilibrium is established 
quickly. The subsequent rise in optical rotation is 
attributed to slight hydrolysis. The mutarotation of 


H 
HCNH 
R 


COHA COHA Cc 


ranie 2 


Changes in optical rotation of a-p-galactosylamin: 


ammonia complex and of 3-v-galactosylamine on dissolution 


in water and in 2.45 N UCI 


Alpha modification 


Beta modification 


Experiment 
Outiorin25 VN HCI 


Experiment 2 
olution in 25 N HCI 


Experiment 4 
solution in water+ 


pH 10.9 


Experiment | 
olution in water pH 10.9 


“ 
fa) 
Ist) 
24 he 


Experiment 
olution in water pH 0.2 


* Ammonia-free basis 
rhe solution of a p-galactosylamine ammonia complex in water had a pi 
of 10.9 For comparison, measurements of the rotation of 8-p-calactosylan 
ilso were made in the presence of NH) at this pH 


the beta isomer in water and in water containing 
ammonia appears anomalous, in that the change in 
optical rotation, although small, is in the same dire« 

tion as that of the alpha isomer. It is believed that 
this change is not due to the establishment of the 
alpha-beta equilibrium, but rather to a side reaction 
the formation of a less dextrorotatory substance 
presumably the digalactosvylamine having a specific 
rotation of -+-22° [3]. 

As shown by the experiment given in table 3, the 
side reaction causing the optical rotation to fall 
below the equilibrium value is enhanced by the 
presence of general acid catalysts, in this case the 
ammonium ion. A similar reaction was observed 
concurrently with the mutorotation of L-arabinosyla- 
mine [1]. We believe that the reaction involves the 
condensation of the amine with the imonium cation 
essentially as represented below: 


H H+ 
N—CNH HC 


R 


COHA 











his mechanism requires the presence of both the 
e amine and the imonium cation. Relatively 
h concentrations of both constituents exist in 
aline solution in the presence of general acid 
talysts, and hence the side reaction is of importance 
\s pointed out im 11] the 
the variation in the 
with the manner of 
Slow addition 


nder these conditions 


chanism also accounts for 
of the side 
xing the glycosylamine and acid 
the acid permits the amine present in excess to 


act with the montum cation as it is formed 


nount reaction 
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4. Acid-Base Catalysis in the Mutarotation 
of a-D-Galactosylamine 


Solutions of a-p-galactosylamine ammonia complex 
n water react alkaline and contain free ammonia. <A 
0.1-molar solution has a pli of about 10.9. To study 
the variation in the rate of mutarotation with pH, 
measurements in solutions containing 
ther additional base or an acid. The data are 
presented in table 4 and figure 1 In figure 1, 
| shows the mutarotation of the substance 
water free from carbon dioxide, and 2 

} show the effect of increasing the alkalinity 


vy the use of ammonia and sodium hydroxide, re 
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the optical rotation drops to the equilibrium value 
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rotation appears to be caused not only by the estab- 
lishment of the alpha-beta equilibrium, but also 
to some extent by the side reation discussed in the 
preceding paragraph 

The side reaction accounts for the drop in rotation 
below the equilibrium value of +-63° (strikingly 
shown in curve 4 of fig. 1). It seems to be favored 
by the presence of general acid catalysts, particularly 
in alkaline solution. Presumably both the mutaro- 
tation and the slide reaction involve the intermediate 
formation of the imonium cation, and since separate 
treatment of the reactions does not seem feasible, no 
attempt was made to determine separate rate con- 
stants; rather, a rate constant /,, was calculated for 
the over-all process 
a-p-galactosylamine 


constants for 


Vutarotation 


ammonia com pler 


TABLE 


Expert 
Thent 


pH (Hy) 


0 0. 008 
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1.45 2x >. oo 
wo x 70x OO4 
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SINHCI ~” 


* Corrected for the catalytic effect of ammonium ion 
» Higher constant due to catalytic effect of the phosphate used as a buffer 
Too rapid to measure 


To evaluate the effect of acid and base catalysts 
on the mutarotation, the rate constants reported in 
tables 4 and 5 were determined by the method of 
Brénsted and Guggenheim [4]. This method was 
used because it does not require the final, or equilib- 
rium rotation. A comparison of the data of experi- 
ments L and 9 and of 11 and 13 show that the process 
is catalyzed by ammonium ion, and by acid phos- 
phate, respectively. Thus the reactions clearly show 
general acid catalysis. If, for simplicity, the svstem 
is restricted to solutions containing water and ammo- 
nium salts of strong acids, the rate constant is given 


HCNH, 


k ky 
R O+HA =& R OHA = R 


HCNH, HC=NH; 


by the following expression: 


k-,, ku.o ky(H* |] + konlOH |+ kyu,| NH, 
From equations representing the rate constants for 
experiments 1 and 9, hyn, was found to be 0.052 
By use of this value, k.. “ as corrected for the cataly tic 
effect of the ammonium ion. The corrected values 
are given in the right-hand column of table 5 and 
are plotted in figure 2 It will be seen from the 
figure that in acid solution the mutarotation is too 
rapid to measure; with reduction in the oxonium 
ion concentration the rate decreases to a minimum 
and then increases. With the assumption that in 
highly alkaline solution the catalytic effect due to 
oxonium ion becomes small and may be neglected, 
the rate constants of experiments | and 7 give values 
of 0.004 and 0.4, respectively, for kyo and koy Use 
of these values in equations representing the data 
from experiments IL and 12, and solution of the 
equations, gives for ky an average value of 6X 10 
Thus, in the absence of ammonium ion, 
k,,, =0.004 +6 10°H*]+-0.4/OH-] 

The dotted curve of figure 2 corresponds to this 
equation. 

It was suggested in [1] that the mutarotations of 
both the sugars and the glycosvlamines take place 
by several mechanisms. The mechanism of eq | 
was shown to be promoted by acids in general and 
to be of importance for the mutarotation of both 
the sugars and the glycosvlamines. It was pointed 
out that a base-catalyzed mechanism such as that of 
eq 2 is of first importance for the mutarotation of 
the sugars, but that base catalysis could not be 
demonstrated in the case of L-arabinosylamine. 
However, the data of table 5 and figure 2 show 
that the mutarotation constants of a-p-galac- 
tosylamine ammonia complex rise in highly alkaline 
solution, and hence the over-all change due to the 
mutarotation and the side reaction is catalyzed not 
only by acids, but also by hydroxyl ion. 
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The solid curve of figure 2 represents a plot of this 
expression; the cireles represent the experimentally 
determined rate constants given in table 6.) The 
calculated maximum rate is at pH 4.8 

The data of experiment 16 of table 6 show an effect 
that requires explanation The optical rotation of 
the material on hydrolysis increases to a value higher 


a SE than the equilibrium value corresponding to. the 


TABLE 6 Hydrolysis of a-p-galactos 
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pH 


Rate constants for the mutarotation and hydrolysis 


of a-bD-ga actosylamine MM KIDPO 
to 


huarnn 


5. Hydrolysis Reaction 


To study the hydrolysis of p-galactosylamine, 
measurements of optical rotation were made largely 
in the pH range in which equilibrium of the anomeric 
forms of the amine is established rapidly. Under Semtee iii 
these conditions, the change in optical rotation can 2 volumes N NaOH diluted 
be ascribed exclusively to the hvdrolysis reaction, 
ind the rate constant can be obtained by application 
of the conventional first-order formula 


ry, 
log 
rt. 


where r,, and r,, are the rotations at times ¢,; and fy, 
respectively, and r. is the specific rotation of the 
fully hydrolyzed material. The hydrolysis rate ae ee 
constants obtained at various pH levels are given 
n table 6 and figure 2. 
We have shown previously from theoretical con- 
siderations [1] that the effect of the oxonium and 
hydroxyl ion concentrations on the hydrolysis con- 
tant should conform to an equation of the type: 


l 
wee K, + K,[H*]+ K,{OH -] 


' 


h 


When the data of experiments 15, 18, and 19 were 
ipplied to this equation, K,, K,, and Ky were found 
Oo be 22.5. 6.16“10' and 1.55 10°. respectively 
Thus, 
l 
6.16 10"{H*] + 1.55 x 10°JOH | 
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ee le ee ee 


Pasie 6 Hydrolysis of a-v-galactosylamine—C ontinued 
7 


g a-t-galactosylamioe ammonia complex dissolved in sufficent acid, base or 
buffer to give a volume of 25 ml at 2° ¢ Solvents are listed with experiment 
numbers 

I ' pH ‘ 
Experiment 19 NV acetic acid 
24 “2.4 } { 
mn rn ; | | 
uw “ms 29 oo 
“a i4 an 
her ; | 
4 ’ ( 
Experiment 2. 25 N ie 
‘ +O 
te 0 00008 
2 he m4 TLLLD 
ye) 
Ay 0. 00004 


* Expressed on the ammonia-free basi 
» Constant 
Calculated rotation for complete hydrolysi 


Vutarotation of hydrolysis product * before and 
after the addition of a-v-qalactose 


Tapie 7 


Obser 1 
Tene rotation A 
m 
82. 7 ! ; 
ra 17.12 0 00s 
“) nos ol 
1” 164 w 
aa 
27.8 +18. v2 
27.2 18.13 0. 020 
215.2 iO mo 
2400.9 17.80 mi 
a) "17.72 


Experimenttié6, table 6 
0.5 ¢ of a-?galactosy'amine ammonia complex in 25 ml of solution after 
equilibrium was reached, 0.0170 ¢ of a- D-galactose was added to 20 ml of the solu 
tion, and the resulting mutarotation was observed in a 4-dm tube 
As hydrolysis is not entirely complete, the mutarotation constant would bx 
expected to be low and to increase with time 
' Constant 
sD Cralactose added to solution 


sugar presumably formed, and then slowly decreases. 
A similar drop in rotation was observed in experi- 
ments 17 and 18. The phenomenon was studied 
further by the addition of a-p-galactose to the solu- 
tion of experiment 16 after hydrolysis had taken 
place. It will be seen from table 7 that the slow de- 
crease in optical rotation observed in experiment 16 
is comparable to that caused by the mutarotation of 
a-p-galactose in the same solution. The effect is 
detected only when conditions are such that the 
rate of hydrolysis is high and the rate of mutarota- 
tion of the free sugar is low. Thus it appears that 
under these conditions the proportion of the alpha 
pyranose modification of the sugar temporarily ex- 
ceeds the equilibrium proportion, and that restora- 
tion of the equilibrium is accompanied by a decrease 
in optical rotation. A simple explanation for the 


effect is that the rate constants for the system 
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alpha form 


aldehys de form. 


beta form 


are such that the equilibrium between the aldehyde 
and the alpha modification is attained more quickly 
than that between the aldehyde and the beta modi- 
fication. Thus, the proportion of the alpha form in- 
creases until equilibrium is established with the alde- 
hvde, after which the beta form continues to increase 
at the expense of the alpha until finally all modifiea- 
tions are in equilibirium, 


6. Periodate Oxidation of the N-Acetyl-p- 
Galactosylamines 


On periodate oxidation, essentially as employed by 
Niemann and Hays [5] in the study of N-acetyl-p- 
glucosylamine, the specific rotation of N-acetyl-a-p- 
galactosylamine decreased rapidly from the initial 
value of +194.9° to about +-60° and then decreased 
slowly, whereas the specific rotation of N-acetyl--p- 
galactosylamine changed rapidly from +-9.8° to 
about —96°. In each case 2 moles of periodate were 
consumed rapidly. Both of the oxidation products, 
after bromine oxidation and hydrolysis, vielded 
glvceric acid, identified colorimetrically [6]. The 
consumption of 2 moles of periodate and the identifi- 
cation of a three-carbon fragment after subsequent 
oxidation and hydrolysis, show that both compounds 
are pyranoses and hence they must constitute an 
alpha-beta pyranose pair. Presumably the products 
having rotations’? of +60° and —96° are, respec 
tively, p’-acetamido-p-hydroxymethyldiglycolic alde 
hvde IV and 1’-acetamido-p-hydroxymethyldigly 
colic aldehyde V. The alpha and beta modifications 
of all N-acetyl-p-aldohexopyranosylamines will give 
one or the other of these dialdehydes, and the 
corresponding enantiomorphs will give products 
whose rotations differ from these merely in direction 
Hence the optical rotations of +60° and +96° for 
the products of periodate oxidation can be used for 
the assignment of ring structure, as well as alpha or 
beta configuration for any N-acetyl-aldohexosyl- 
amine. 


H H H H 
HO.H.C—C—C=0 O=C—C 1 
HNAe 
Oo 


p’-Acetamido-p-hydroxymethyl-diglycolic aldehyde. 


H H H HNAe 
HO.H:C—C—C=0 O=C Cc \ 
H 
oO 


L’-Acetamido-p-hydroxy methyl-diglycolic aldehyde 


? The values +60° and —96° are based on the weight of the original compound 
These correspond to specific rotations of +70° and —112°, respectively, based o 


the corresponding weights of the resultant dialdehydes 


























7. Experimental Details 

|. a-D-Galactopyranosylamine Ammonia Complex 
Forty grams of p-galactose and | g of am- 
mium chloride were suspended in 100 ml of an- 
drous methanol, and ammonia was passed into 
mixture until dissolution of the material was 
mplete. The solution was stored at room tempera- 
for several days, and finally in the refrigerator 
| dav. The product that crystallized from solu- 
n was separated, washed with methanol and dried 
2 hours over sodium hydroxide at reduced pres- 
re. The erude vield was about 35 g, having a spe- 
fic rotation of +87 This value is in accord with 
hat reported in [2]. The product was reerystallized 
dissolving it in 10 parts of cold 3-percent aqueous 
mmonia and adding 10 parts of methanol saturated 
th ammonia at 0° C. The crystals, which formed 
the course of a few minutes, were collected ona 
washed with methanol saturated with 
nmonia. They were then stored in an atmos- 
here of ammonia in a desiccator containing sodium 
vdroxide. Prior to analysis or use, the 
mmonia was removed from the material by evacua- 
on of the desiccator for 15 minutes On repeated 
ervstallization from 87° to 138 
tially (water, e=5). Further reerystallization 
failed to change this value. The product contained 
pproximately | mole of ammonia per mole of amine 
mut the composition varied slightly in different prep- 
itions, apparently because of the tendency of the 

mmonia to escape 
Analysis: Calculated for ¢ 
8.2; N, 14.2. Found: C, 36.5; H, 








tel and 


CXCECSS 


| al? rose 


36.7; H, 


12.9 


.H,.0,N;: C 
8.4: N, 


7.2. 8-D-Galactopyranosylamine 


Storage of a-p-galactosylamine ammonia complex 
over phosphoric anhydride for several months gave 
in amorphous residue with a specific rotation of 
63°. On dissolution of this material in water, 
followed by the addition of ethanol to incipient tur- 
biditv, a erystalline product formed that appeared 
to be the same as that of de Bruyn and Van Leent 
The material was obtained more readily by 
ssolving the crude ammonia complex in two parts 
warm water, and after half an hour, filtering and 
ulding four parts of methanol and two parts of 
opropanol. The large rectangular prisms that 
eparated were washed with methanol and dried 

ver sodium hydroxide. After two erystallizations 
compound gave the following analysis: Calculated 

: for C,gH:O;N: C, 40.2: H. 7.3: N. 7.8. Found: C 
H, 7.4; N, 7.8. [al? 6§2.2° (2.1 min, water, 


7.3. Pentaacetyl-a-D-Galactopyranosylamine 


len grams of finely powdered a-p-galactosvlamine 
inonia complex was added to a previously cooled 
ture of 100 ml of pyridine and 50 ml of acetic 
ivdride in a flask equipped with a mechanical 
rer and immersed in a mixture of ice and salt 
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Stirring was continued for 3 days in the ice-salt bath 
and for | day at room temperature. The reaction 
mixture was diluted with several volumes of pe- 
troleum ether, which precipitated a sirup. The 
liquid was decanted and the sirup brought to ervs 
tallization by the addition of isoamyl aleohol. The 
crystals weighed 3.5 g and had a specific rotation of 


112 After several reerystallizations from 5- 
percent ethanol, the product, pentaacetvl-a-p-galac 
topvranosvlamine, melted at 172° to 173° C; lal? 

117.4° (CHC, ¢e=2) 

Analysis: Calculated for CygH»OyN: C, 49.35; H 
5.95; N, 3.60; found: C, 49.6; H, 6.0; N, 3.6 


7.4. Pentaacetyl-8-D-Galactopyranosylamine 


Ten grams of ammonia-free galactosylamine of 
specific rotation + 62° was treated with a mixture 
of pyridine and acetic anhydride as described for 
the acetylation of the alpha isomer. The amine dis 
solved in the acetylation mixture in the course of 
several hours, and the solution was then poured into 
ice and water. The erystals that formed were sepa- 
rated by filtration, and = the filtrate 
extracted with chloroform to additional 
material, The combined yield of crude pentaacety] 
galactosvlamine Was 18 g, having a specific rotation 
of 4-35 After reerystallization from = chloroform 
with the addition of petroleum ether, and two re- 


aqueous was 


recover 


erystallizations from ethanol, the product, pure 
pentaacetyl-8-p-galactopyranosylamine, melted at 
73°C. lal; 34.7° (CHCl, e=2). The con- 


stants were unchanged by further reerystallization 
Analysis: Calculated for Cyg Hyg Oy Ni OC, 49.85; Hi, 
5.95; N, 3.60; found: C, 49.6; H, 6.1; N, 3.6 


7.5. N-Acetyl-a-D-Galactopyranosylamine and 
N-Acety]-8-D-Galactopyranosylamine 


Both the alpha and beta forms of pentaacetyl-p- 
galactosylamine were deacetylated by the catalytic 
barium methylate method [7] in the following man- 
ner: Ten grams of the material was dissolved in 
100 ml of anhydrous methanol containing 10 ml of 
0.4 N barium methylate. The mixture was allowed 
to stand for 1 hr and was then treated with an ex- 
actly equivalent amount of 0.4 N°. sulfurie acid 
Barium sulfate was removed by filtration of the 
mixture on a Bichner funnel heavily coated with 
diatomaceous earth and decolorizing carbon, and 
the residue was washed with water. The filtrate 
was concentrated under reduced pressure to a sirup 
from which the N-acetylgalactosylamine crystallized 
The erystals were separated and washed with ethanol 

N-Acetyl-a-p-galactopyranosylamine. The erystal 
line product, obtained from 10 ¢ of pentaacetyl-a 
p-galactopyranosylamine by the process outlined 
above, weighed 5.5 g and had a specific rotation of 

193°. After two reerystallizations from warm 
methanol with the addition of isopropanol, pure 
V-acetyl-a-p-galactopyranosylamine obtained, 
a7 194.9° (water, ¢ 2); mp 179° to ISO ( 

Caleulated for C H,O,N _ $5.455; 


Analysis 
H, 6.84: N, 6.33 Found: C, 43.5: H, 6.8: N, 6.3 
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N-Acetyl-8-p-galactopyranosylamine. The product 
from 10 g of  pentaacetyl-8-p-galactopyranosyl- 
amine (5.5 g) having a specific rotation of + 10° was 
recrystallized twice from 20 parts of warm water by 
concentration in vacuum. The pure material, N- 


acetvl-8-p-galactopyranosylamine, melted at 233° C; 
lal?” +-9.8° (water, c—2). 

Analysis: Caleulated for CsgH,,O,N: C, 43.43; H, 
6.84; N, 6.33. Found: C, 43.3; H, 6.9; N, 6.2. 


7.6. Periodate Oxidation of N-Acetyl-a-D-Galacto- 
pyranosylamine and N-Acetyl-8-D-Galactopyran- 
osylamine. 


A l-g sample of either N-acetyl-a-p-galacto- 
pyranosvlamine N-acetyl-8-p-galactopyranosyl- 
amine was dissolved at 20° C in sufficient 0.29 M 
sodium metaperiodate to give a volume of 50 ml, 
and the course of the oxidation was followed by the 
change in optical rotation. The results, given in 
table 8 and figure 3, show that in each case there 
was a rapid change followed by a slower change. 
At points near and after the termination of the rapid 
change, 10-ml aliquots of the solution were pipetted 
into glass-stoppered flasks containing 20 ml of 0.1 N 
sodium arsenite, 10 ml of a saturated solution of 
NaHCO,, and 1 ml of a 20-pereent solution of KI 
After 15 min. the excess arsenite was titrated with 


0.1 N iodine. In both eases, substantially 2 moles 
of periodate per mole of 


or 


N-acet \ lgalactosy lamine 
had been used at the termination of the rapid change. 
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Figure 3. Periodate oxidation of N-acetyl-p-galactosylamines, 
V-Acetyl-a-p-galactosylamine; 2. N-Acety!-6-p-galactosylamine 





TasBLe 8 Periodate oxidation of N-acet yl-p-galactosylamines® 


Optical rotation Mok 
Reaction periodate 
tirne ' per mole 
St [a]* amine 
D 
N-acet yl-a-p-galactosylamine 
min 
0 ’ 22 2 7 104 uv 
2.2 0% +814 
1 7.77 +i. 9 
yo 70 +S 
wo ise + 50.3 2 
Ho0 6.50 +7 24 
NV-acet yL-6-p-galactosylamine 
0 +118 +o 
0 7.5 ‘ l 
Ww. 7 wu “5 
15.4 11.18 05.9 2.4 
mw. 0 11.07 05.4 2 


* 1 ¢ of N-acetylgalactosylamine in 50 ml of 0.29 M sodium metaperiodat« 


» Read in a 24im tube 
* Based on the weight of N-acetylgalactosylamine 


7.7. Mutarotation and Hydrolysis Measurements 


The mutarotation and hydrolysis reactions were 
followed by measurement of the changes in optical 
rotation that occurred in solutions of the compounds 
in water containing known amounts of acids and 
bases essentially as described in [1]. In each experi 
ment 0.5 g of crystalline amine was placed in a 

volumetric flask, and sufficient acid, base or buffer 

solution at 20° C was added to give a volume of 

25 ml. Because of the ammonia present in a-galacto- 

svlamine ammonia complex, its aqueous solution 

was highly alkaline. To obtain less alkaline solutions 

the substance was dissolved in sufficient aqueous 

hvdrochloric acid to give the quantities of NHC! 

reported in experiments 10, 11, and 12. In experi 

ments 6 and 9, ammbdniacal solutions of NH,Cl were 
| added to the compounds. The rate constants are 
| expressed in common logarithms and minutes. 


8. Summary 


A study of the reactions and properties of the 
products obtained by reaction of ammonia with 
galactose has revealed that one of the two prey iousl\ 
known galactosylamines is a mixture. The crude 
material, by recrystallization from aqueous ammonia 
gave an isomer containing | mole of loosely bound 
ammonia, and having a specific rotation of + 138 
and the previously known galactosylamine of 
specific rotation +62.2°. The two modifications 
of galactosylamine, on acetylation, gave crystalline 
pentaacetates of specific rotation 117.4° and 

| +34.7°, respectively. By partial deacetylation of 
the acetates there were obtained two crystalline 
N-acetyl derivatives, namely, N-acetyl-a-p-galacto- 
pyranosylamine, [a]?’+194.9°, m. p. 179° to 180° C 
and N-acetvl-8-p-galactopyranosylamine [a]? +9.8 

m. p. 233°C. The N-acetyl derivatives, by periodat: 
oxidation and study of the resultant dialdehydes 
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re shown to be an alpha-beta pyranose pair 
cea shift in ring structure seems improbable, the 
esponding pentaacetates and the parent galacto- 
amines can be tentatively classified also as 
rbnoses 

The mutarotation and hydrolysis of the two 
actosvlamines were studied and found to be in 
mony With the mechanisms previously advanced 
us. The mutarotation constant for a-p-galacto- 
amine ammonia complex at various pH levels may 
expressed by the following equation 

LO°|7* | 


ke, —0.004-+-6 0.4/OH >}. 








(he hydrolysis of p-galactosvlamine, like the previ- 

isly studied hydrolysis of L-arabinosylamine, takes 
lace rapidly only in a limited pH range. The 
iaximum rate is at pH 4.8, and the rate constant is 
ven by the expression 


22.54+-616% 10"{/7*|]4+- 1.55 10°JOH 


The work establishes experimentally for the first 
me the existence of the alpha and beta modifications 
of a glvcosvlamine. The existence of these com- 
wunds supports the interpretation of the mutarota- 


on of the glyvcosvlamines as consisting of the 





interconversion of alpha and beta isomers. The 
optical rotations of the new compounds and of the 
products of periodate oxidation can be used in 
various ways for the assignment of structures to 
compounds in this field 


The authors greatly appreciate the assistance of 
Nancy B. Holt, who made most of the optical 
measurements and assisted in other experimental 
work and of Rolf A. Paulson, who analyzed the 
compounds reported, 
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Near Infrared Absorption Spectra of Deuterated Acetylene 


Earle K. Plyler and Norman Gailar 


The bands of C.D, at 1.96 and 2.39 microns have been measured under high resolu- 


tion so that the moments of inertia of this 


molecule could be compared with that of 


C,H, and C,HD From the measurement of the rotational structure the ground rotational 


constant, #, is found to be 0.8471 em 
and the center of we+ a, is 4190.46 em 


The absorption spectra of C,H, and of C,HD have 
been studied in detail, and internuclear distances 
have been caleulated.' Inasmuch as further com- 
parisons can be made by a study of C,D,, an investi- 
gation in the near infrared has been made of this 
molecule. In the course of this study the results 
of a similar investigation were made known by 
Talley and Nielsen” Their B, will be compared 
with ours. 

Fer a given vibrational state, linear molecules 
have a single moment of inertia, and their rotational 
fine structure is composed of a series of nearly equally 
spaced lines. By a comparison of the moments of 
inertia of the three acetylenes the H and C—D 
distances are, theoretically, calculable. In order to 
calculate these distances to one part in 10,000, it is 
required to measure the rotational lines to 0.03 em™' 
in the 2-4 region. To approach such accuracy a 
high resolution instrument that would reproduce 
spectra faithfully would be required. 

These measurements were made on an infrared 
grating spectrometer, which was constructed at the 
National Bureau of Standards. A lead sulfide cell 
was used as the detecting element. The grating was 
ruled at Johns Hopkins University in the aluminum 
film on an optically flat quartz blank 9 in. in diame- 
ter. The spacing was 15,000 lines/in., and the lines, 
about 5 in. long, extended over 7‘: in. The grating 
produces very sharp images and is almost free of 
ghosts. The precision slits and cone bearings for the 
grating Were constructed in the physics shop of the 
University of Michigan 

The spectrometer with the cover removed is 
shown in figure 1. In front of the entrance slit is 
a anne. which modulates the radiant ene rgv 1,080 
times a second. The amplifier is a narrow band pass 
type and has been described by Nelson and Wilson 
The detector is a PbS cell, and with the present 
arrangement the resolution is about 0.1 em™! at 2 gu. 
The optical system is of the conventional design. 
The radiant energy from the entrance slit, S,, falls 
on an off-axis paraboloidal mirror, 1/,, which is 7 
in. in diameter and 102 cm in focal length. The 
mirror is 10° off axis and allows the grating, G, to 
be mounted sufficiently to the side so as not to inter- 
cept the incident beam. After the parallel beam 


G. Herzberg, Infrared and Raman spectra of polyatomic molecules, p. 200 to 
42 (D. Van Nostrand Co., New York, N. Y., 1945 


?>R. M. Talley and A. H. Nielsen, Bul. APS 2, 51 (Feb. 1, 1951 


+R. C. Nelson and W. R. Wilson, Proc. Nat. Elec. Conf. 3 M7 


» center of the w w: band is 5097.07 em 


falls on the grating, different wavelengths, depending 
on the grating position, are diffracted back to the 
paraboloidal mirror. Then this energy is focused 
on the second slit, S,, by means of a small plane 
mirror set at 45° to the impinging beam. After the 
energy passes through the second slit, another plane 
mirror is used to cause the radiation to fall on th 
ellipsoidal mirror, M/,, which focuses the image of 
the second slit on the PbS cell, ). The image is 
greatly reduced in size because of the 7 to 1 ratio of 
the foci of the ellipsoidal mirror. 

The source of the energy is a tungsten ribbon 
filament lamp, drawing about 37 amp and operating 
at about 2,700° K. 

The grating is mounted on a cone bearing and is 
rotated by means of a worm and gear. Reduction 
gears allow the spectrum to be scanned at four dif- 
ferent speeds. A microswitch, operated by the 
teeth of one of these gears, activates a pen of the 
recorder, which places. fiducial marks at constant 
angular intervals. The spectrum is recorded by a 
Leeds & Northrup Speedomax, type A. Weights 
are hung on the recorder paper to provide constant 
tension. The spectrometer is calibrated by super- 
imposing on the record appropriate emission lines 
known to an accuracy of +0.01 A or better. 

In the 2-~ region this instrument can resolve lines 
separated by slightly less than 0.1 em~' when the slit 
width is 0.02 mm. The centers of absorption lines, 


when reasonably strong, are reproduced in successive 





Fiaure 1. Granting spectrometer. 


lhe letters refer to the various elements of the instrument 
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ns to about 0.1 em This will permit calculation 
the moment of inertia of C,D, to 1 part in 
00, but will not allow the detection of any small 
ference that may exist between the C—D and the 

H distances. 

The deuterated acetylene, 3 liters at atmospheric 
essure, Was Obtained from the Atomic Energy 
mmission. Mass spectrograph tests at the Bureau 
w that about 94 percent of the gas was ©,D,. 
© balance was C,HD and C,H,. The gas was 
iced in a 60-em cell with windows of glass. The 
il} was made from a brass tube 8 cm in diameter. 
In analyzing the spectrum of a molecule such as 
D,, the ideal procedure would be to study several 
: ands either originating in or ending in a common 
ite averaging the results of several measurements 
each band, to minimize random errors. In the 
resent work several factors, short cell lengths, the 
xplosive quality of compressed acetylene, and 
he limited range of the PbS detector, limited the 








imber of bands that could be used to two. The 
w, band at 1.96 u was measured four times, 
und the a+, band at 2.39 w was measured five 
times. Each band was measured at several pres- 


sures and several grating speeds 


To find the rotational constants and moments 
of inertia, use Was made of the well known relations * 
\.F iJ R(J-1) P(J l iB’ (J+ SD J- 4) 

(1) 
R(J)+Pi(J 2y,+-2B’ +-2(B’ —B’).J’. 
(2) 


When D is negligibly small, B’’, the lower state 





rotational constant, can be obtained from the slope 
of the straight line that results when A,F(./) is plotted 
against J. B’—B’’, the difference between the 
rotational constants of the upper and lower states, 
can be found in an analogous manner, as can yp, the 
band origin. 

When eq 1 is plotted a straight line results, the 
slope of which is about 3.5 em This approximate 
value is now used in the plot of A,F(J)—3.5(0/+! 
against J. This, results in a straight line of 
slope m, and B’ can be found from the relation 


too, 


B’ = (3.5-m)/4 (33) 


The results of this investigation are presented 
in figures 2 to 4 and in table 1 Figure 2 is a repro- 
duction of the +a; band (with three of the kyrpton 
emission lines that establish the calibration The 
intensity of the absorption lines of C,D, shows the 
2:1 alternation pattern expected of molecules that 
follow Bosé statistics. Faint indications can 
seen of a superimposed band of a higher state. 
ure 3 is a reproduction of the w+; band 
C,HD bands® are present and prevent the 2:1 
intensity ratio from being observed. In the P 
branch, however, at J—19 to 24 this intensity ratio 
is noticeable. 

In analyzing the spectra, values of A,F(./J) from 
the nine records were averaged and the results are 


be 
Fig- 
Two 


tabulated in column 1 of table 1. This average 
value, divided by J+}, appears in column 2 
Column 3 presents the value of A,F(./J)—3.5(.J + 4) 
Figure 4 is a plot of this value against J. Two lines 


are drawn through the values of A,F(.J)—3.5(J + }) 
representing the minimum and maximum probable 
slope. Line A results in B,=0.8470 em”; line B 


in B,=0.8473 em". Taking the mean of the values 





(i. Herzberg, Infrared and Raman spectra of polyatomic molecules, chap. I\ 
Van Nostrand Co., New York Y., 1 F. Stitt, J. Chem Phys. 8, 56 (1040). 
2 % 
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Ficure 2 Absorption spectrum of the w,+ ws; band of CyD_ at 2.39 pw, vo = 4190.46 em 
rhe numbers accompanying the various absorption lines are the J numbers of the lines The three emission lines are krl 
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sorption lines are the 


Veasured values of quantities use rmination 


of Bo for the J values from 1 through 


of AF (J)/(J+4) in column 2 of table 1 vields a 
value of By=0.8469 em@'. Averaging these three 
values of By gives the results By 0.8471 + 0.0003 
em‘. Column 4 of table 1 shows the deviation of 
the individual 4 herd of AF (.J)—3.5(J +4) from the 
values indicated by the resultant By 0.8471 em™. 
This value can be compared with that of By 


AIM 


en il 


ws band of CyDy) at 1.96 pw, vo 
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25cm PRESSURE 
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NMP 


NUMBER ad 
=5097 OF om 


J numbers of the linesg 











Ficure 4 Plot of Aol J 3.41 4) as a function of J valu 


Lines A and B are the minimum and maximum probable slopes. 


0.84827 em”! reported by Talley and Nielsen (see 
footnote 2). 

To calculate internuclear distances, 
R,, the equilibrium rotation constant, 
From B, ean be found the various r/s, the equilibrium 
distances. To find PB,, however, each normal mod: 
must be represented at least once in the bands 
studied: we cannot find #, from the two band 


studied. 


the value of 
is necessar\ 
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he equilibrium distances C—H and C— D should 
equal, with a slight variance for the zero-order 
~ Tf this variance is ignored, the 
mces reported bv Herzberg (see footnote 3) can 
calculate ai 2, This value of 


zero-ordet 
ised to has i 
174 cm 
\vain ignoring the difference between / 
of C—D, our value of 2, 
of Herzberg 
zero. state distances 
ure + DD 


of CH 
can be combined 
see footnote 3) to 


that for C.H 
the 
ws of the 


internuclear 
distances and C—H 
and CeC=1.2067™”“107°° em 
of C,HD of Herzberg (see foot 
}) with our C.D, value gives C—H and C— D 
63801075 em and CeC=1.2054&10°° em 
n the values of the constants of C,H, and CLHD 
ised, one finds C H and C I) 1.05905 10 
and CeC=1.2073 «10° em. Theoretically, 
otational constants of C.H., C.HD, and C.D 
be used to solve for the values of the three inter 
ear distances C=C, C—H, and C—D: unfor- 
tely, the precision of measurement of these 


{ 10 em, 
nbining the P, 


constants is not sufficient to detect differences 
between C—H and C—D distances 
The upper state rotational constants were found 


by plotting eq 2. They 


any 


are 


Boo 0.8574 40.0008 emo’ 


Bosse 0.8547 + 0.0008 em 

The centrifugal stretching has been ignored, as it 
is negligible. The effect on the value of [A,F'(/ 
8.517 + 4))/(J 44) would be equal to S(J+ 4D 
where D=4B'(6,/@2 + & /w and where 646 .< 
The largest possible value of 7) would be for 6,0 
and &—1 Thus D=4™.85'* 1/1760 
for J—30, the centrifugal stretching <S 
1O-°’~ 0.014 em This is) much 
experimental errot 


~10 and 
27 OOO 
than the 
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{ Research of the 


Spectrophotometric Determination of Bismuth in 
Lead-Base and Tin-Base Alloys 


Bruce B. Bendigo, Rosemond K. Be!!, and Harry A. Bright 


A method is described for the determination of bismuth in 


lead-base and tin-base allovs 


Tin, arsenic, and antimony are volatilized as the bromides from a perchloric acid solution. 
The bismuth is then precipitated as the oxychloride in a perchloric-nitric acid solution. 
The precipitate is dissolved in nitric acid, and the bismuth is treated with thiourea to form 


a vellow complex 
eter at approximately 


prepared by treating known amounts of bismuth with thiourea 


The absorbancy of the colored solution is measured with a filter photom- 
$25 millimicrons, and the amount of bismuth is read from a curve 


An accuracy of +0.002 


percent of bismuth is indicated for lead-base and tin-base alloys containing from 0.02 to 


0.10 percent 
l. Introduction 


Bismuth in lead-base and tin-base alloys can be 
precipitated as the oxychloride or as the carbonate, 
subsequent to an alkali-sulfide treatment to remove 
tin, antimony, and arsenic. This method is not 
satisfactory in accurate work because bismuth sul- 
fide is slightly soluble in alkali sulfides or in mixtures 
of the alkali sulfides and hydroxides [1].' If there 
is an appreciable amount of lead sulfide, as with 
lead-base alloys, some insoluble lead sulfate is 
usually formed when the sulfide precipitate is treated 
with nitric acid or a mixture of hydrochloric and 
nitric acids, and this interferes in the subsequent 
determination of bismuth. 

The internal electrolysis method [2] has been used 
to separate bismuth and copper in solutions of lead- 
base and tin-base alloys. By this method the depo- 
sition of bismuth in a lead-base alloy is incomplete 
unless the amount of copper equals or exceeds that 
of bismuth, and there is considerable difficulty in 
obtaining adherent deposits of bismuth and copper 
in tin-base alloys, probably because of the hydro- 
fluoric acid required to keep the tin in solution. 

Tin, antimony, and arsenic can be removed as the 
volatile bromides from a sulfuric acid solution [3]. 
However, the solubility of tin in concentrated sul- 
furic acid makes it difficult to determine when all 
of the tin has been removed. In alloys containing 
considerable lead, low values for bismuth may be 
obtained as some bismuth is carried down with the 
lead sulfate [1]. 

After the removal of the tin, antimony, and arsenic 
by any of these methods, the bismuth may be pre- 
cipitated as the oxychloride and the precipitate 
weighed, or bismuth may be precipitated as the 
carbonate, ignited, and weighed as bismuth trioxide, 
Bi,O;, or the precipitate of bismuth oxychloride, 
BiOC1, may be dissolved in a suitable acid and bis- 
muth determined photometrically. Mahr [4] de- 
veloped a thiourea-photometric method in which a 
shulile yellow bismuth-thiourea complex is formed. 
A modification of this method was proposed by 
Tompsett [5]. 


' Figures in brackets indicate the literature references at the end of this paper 





A tentative ASTM standard, E46-50T, [6] for the 
determination of bismuth in lead-base and tin-base 
solder metal and white-metal bearing alloys, calls 
for the separation of tin, antimony, and arsenic as 
the volatile bromides from a_ perchloric-phosphori 
acid solution and the measurement of the absorbancy 
of the bismuth-thiourea complex in the residual 
solution at approximately 440 my. However, if 
copper exceeds the maximum permissible limit of 
0.5 percent, this method cannot be used. 

The limitations of these several methods led to the 
development of the procedure described in section 
lil. In the proposed method the sample is dis- 
solved in a mixture of hydrobromic acid and bromine, 
nitric and perchloric acids are added, and tin, anti- 
mony, and arsenic are removed as the volatile bro- 
mides. Bismuth in the residual solution is precipi- 
itated as the oxychloride. The precipitate is dis- 
solved in nitric acid, and the bismuth is determined 
photometrically with thiourea at approximately 425 
mp. 


2. Apparatus and Reagents 


2.1. Apparatus 


A photoelectric colorimeter of the Fisher type was 
used in this work. The absorption cells were 
matched test tubes (approximately 20 mm in diameter 
and 80 mm long). Measurement of the absorbances 
of the solution was made with a filter having an 
absorption peak at approximately 425 mu. 


2.2. Reagents 


Hydrobromic acid-bromine mirture. Add 10 wil 
of bromine to 100 ml of hydrobromic acid (48°) 

Dilute ritrie acid (14-1). Add 500 ml of nitric 
acid (sp gr 1.42) to 500 ml of water. 

aielven ic acid (48%). 

Dilute ammonium hydroride (1+2). Add 100 ml 
of ammonium hydroxide (sp gr 0.9) to 200 ml of water. 

Dilute hydrochloric acid (149). Add 10 ml of 
hydrochloric acid (sp gr 1.18) to 90 ml of water 

Thiourea solution (5%). Dissolve 5.00 g of 
thiourea, (NH,),CS, in water. Dilute to exactly 100 
ml and filter without washing. Prepare this solution 
daily as needed. 
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Standard bismuth nitrat solution l mil 0.1 
Transfer 0.1000 ¢ of high-purity bismuth to a 
“0-ml beaker and add 10 mil of dilute nitrie acid 

}). Heat gently to dissolve the sample and to 
nel brown fumes. Cool, transfer to a 1-liter 
Jumetric flask, and dilute to the mark with dilute 


ric acid (1+-9 


3. Procedure 


lhe weight of sample taken for analysis should be 
h that the bismuth content is approximately | to 
mg. The optimum weight of bismuth is from 2 to 
me. ‘Transfer the sample to a 250-ml wide- 
wouthed Erlenmeyer flask and, in a well-ventilated 
ood, add the hydrobromic acid-bromine mixture 
a 2-g sample use approximately 25 ml of the 
cture and for 7 vy use approximately oo mil Carry 
lank through all of the operations of the procedure 
ver the flask and heat gently, avoiding excessive 
sof bromine, until the sample is in solution. Cool, 
id 5 ml of dilute nitric acid (1+ 1), and cover Heat 
until a reaction begins, indicated by effer- 
and then remove from the heat. Cool, 
15 to 25 ml of perchloric acid (70%) * and heat 
free flame with constant rotation until the 
hloric acid refluxes on the wall of the flask 
ool, wash the wall of the flask with 10 ml of hydro- 
acid and continue the heating and agitation 
ntil the perchloric acid refluxes as before. If the 
olution is turbid, continue the addition of hydro- 
womie acid and the heating until a clear solution is 
obtained, which indicates complete expulsion of tin, 
intimony, and arsenic. Cool, add 25 ml of water 
ind 10 ml of dilute nitrie acid (14-1). If the solution 
turbid at this point, heat until the solution clears 
l'ransfer the solution to a 600-ml beaker and dilute 
yapproximately 100 ml 
\dd dilute ammonium hydroxide (1+2) drop 
by drop from a burette while constantly stirring 
the solution until a faint opalescence appears or 
nti! the solution is slightly alkaline, as indicated 
by litmus paper. If a precipitate separates, dissolve 
tin dilute nitrie acid (14-4) and carefully repeat the 
neutralization with dilute ammonium hydroxide 
4 faint opalescence appears If no 


ithy 


scence 


over a 


rome 


2) until a 
turbidity ts visible when the solution ts alkaline, add 
dilute nitric acid (1+4) until the solution is faintly 
but distinetly acid. Then add 5 ml of dilute hydro- 
chlorie acid (14-9), dilute the solution to 400 ml with 
hot water, heat just to boiling, and let stand on a 
steam bath for 2 to 3 hours, or preferably overnight 
Filter on a tight paper containing a little paper pulp 


and wash once with a small portion of hot water.‘ 


Dissolve the precipitate in 25 ml of hot dilute nitric 
acid (1+-2) and transfer the clear solution to a 100-ml 


\t the temperature used in this work perchloric acid is a powerful oxidizing 
tand may therefore react with explosive violence if it comes in contact with 
iin reducing substances, such as organic matter 
When large amounts of lead are present bumping may occur, and the conver 
f lead bromide to lead perchlorate should be done cautiously If too much 
hloric acid is expelled before complete removal of tin, more perchloric acid 
muld be added 
If the iron exceeds 1 mg it interferes when the color of the bismuth-thiourea 
nplex is formed. If necessary, iron may be separated from bismuth at this 


nt by dissolving the precipitate in hydrochloric acid and treating the solution 
th hydrogen sulfide 


964065 








my 
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volumetric flask. Cool to room temperature, dilute 
io the mark, and mix 
Transfer a 10 mil aliquot portion ol the solution lo 


a 50-ml volumetric flask Add 10 ml of dilute 
nitric acid (145) and 15 ml of water and mix 
Add 10° ml 0.1 ml) of the thiourea solution, 
dilute to the mark, and mix thoroughly linme 


diately transfer a suitable portion of the solution 
to the absorption cell and measure the transmittanes 
or absorbancy at approximately 425 using 
water in another cell as a reference solution for 
100-percent transmittancy or zero absorbaney 


Iii, 


The amount of bismuth is obtained from a standard 
curve prepared as follows: To five 50-ml volumetric 
flasks transfer 1.0, 3.0, 5.0, 7.0, and 10.0 ml of the 
standard bismuth solution and carry a sixth flask 
through the procedure as a blank. Add 5 ml of the 
dilute nitric acid (14 1), dilute to 35 ml, and add 
10 ml (+ 0.1 ml) of the thiourea solution. Dilute to 
the mark and mix thoroughly Measure the trans 
miittanesy of the solution as directed 
for the analysis sample. Plot the 
against the respective concentrations on ordinary 
graph paper, or concentration, ©, against transmit 
taney on semilogarithmic paper, Using the semilog 
for the percentage, T. values The results 
obtained with a series of known amounts of bismuth 
are shown graphically in figure 1 


As the the 


or absorbance, 
absorbane Ve A, 


scale 


color of bismuth-thiourea complex 














has a significant temperature coeflicient, the tem 
perature at which the absorbaney measurements 
of the test solutions and standards are made should 
not vary more than 2° C 
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FIGURE l Absorbance y-concentration curve of hiamuth-thiourea 


complex at ,?25mu 
If desired, aliquot portions of other size may be used, provided the amount 
of bismuth and the acidity of the final solutions are within the recommended 
ranges 
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4. Results 


The results shown in table 1 indicate the accuracy | 
that can be expected when the complete recommended | 
procedure is applied to known amounts of bismuth. 

The data in table 2 indicate the results obtained 
by applving the recommended procedure to solutions 
containmg known amounts of bismuth, together 
with other elements likely to be present in lead-base 
and tin-base alloys. 

Results obtained by applying the recommended 
procedure to known amounts of bismuth 


Taste | 


Bismuth 
Present Found Ditference 
mg re m 
1o o¥ 0.0 
Lo wh 0 
oO ol 
ol i” 1! 
1. Oo vm ps 
1m. 08 ve 1 
10.08 ow i 
» 10.08 a 1 2 
* In these experiments 5-ml aliquot portions were taken instead of 10 ml 


TABLE 2 


Results obtained for bismuth in solutions approri- 


mating the composition of lead-base and tin-base alloys 


Bismuth 


ri Lead Copper Anti 
mony 
Added Found = Difference 
mq mg mg me mg mad na 
*10.08 ow O18 new mt) Mw) 70 
ims) 10. 00 1 se) wv w 70 
‘10m mo au nr) a» “ 70 
>10@ 10. OO 1. wi) 20 “w 70 
+10 @ 10.15 +. 12 sO) a ” 70 
>10@ 10.15 +. 12 nw 2 “ 70 
1 on Is ” aM) 5 100 
10 3 USS Is “w Le 1 
10 7 ow 13 ‘O ae ln 
(1078 095 oO” ’ an loo 
‘10 0 10. 00 3 ” aw 100 
10.0 10.00 LS] “ ASO 100 
* Set! Set 2 Set 3. 4 Seta 
TaBLe 3. Results obtained for bismuth in tin-base and lead-base 
alloys 
Bismuth 
Weight 
Num 
Material of Certif ber of 
sample ieate §=6Found = deter Range 
value mina 
tions 
rin-base bearing 
metal, NBS Stan- Q Percent Percent Percent 
dard Sample S4e * 7 0. O28 0. 026 9 0.025 to 0.027 
Solder, N BS Standard 
Sample 127 ' 5 il Ol ” GVto .043 
Lead-base bearing 
metal, NBS Stan 
dard Sample S3e « 4 ous onl 7 | .0to . 01 





Approximate percentages of other constituents 


#56 8n;7 8b; 4 Cu; 2 Pb 
64 Pb; 35 Sn: 0.7 Sb; 0.1 As 
°M Pb; 10 8b; 58n;0.2Cu 
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The data in table 3 indicate the results obtained by 
applying the recommended procedure to standar 
samples of tin-base and lead-base alloys 


5. Discussion 


Volatilization of tin, antimony, and arsenic as th 
bromides from a perchloric acid solution [3] offer 
several advantages over volatilization of these el 
ments from a sulfuric acid solution. With perchlo: 
acid, incomplete removal of tin and antimony js 
indicated by the turbidity of the solution, and th 
residual lead forms a soluble perchlorate. If th: 
determination or separation of lead is desired, sulfuri 
acid may be added to the filtrate from the bismuth 
oxychloride and the solution heated until copious 
fumes of sulfuric acid appear, to remove the per- 
chloric acid and to precipitate lead sulfate. Copper 
nickel, and zine in the filtrate from the lead sulfate 
may be determined by suitable methods. 

No evidence was found in this work that bismuth 
was volatilized as the bromide when _ perchloric- 
hvdrobromic acid solutions containing | to 10 mg of 
bismuth were heated to about 200° C. The color 
reaction produced by thiourea with bismuth is not 
sensitive enough to determine with certainty 
than 10 wg of bismuth in a volume of 50 ml. If 
nitric acid is not present when bismuth is precipi- 
tated as the oxychloride in a perchloric acid solution 
containing lead, an insoluble lead compound will 
separate. The addition of a small amount of nitric 
acid prevents the formation of the insoluble lead 
compound and permits a quantitative separation of 
bismuth from lead. 

Tests of a number of the filtrates from the bismuth 
oxychloride separation indicated slight, but prac- 
tically negligible, amounts of bismuth. For ex- 
ample, 30, 10, and 10 ug of bismuth were found in 
the filtrates ° when 1, 5, and 10 mg of bismuth were 
precipitated as the oxychloride. 

The presence of 10 mg of silver, 3 mg of copper 
and 0.1 mg of iron added as nitrates to 0.2 mg of 
bismuth as nitrate in a volume of 50 ml does not 
interfere in the color development of the bismuth- 
thiourea complex. These amounts of silver and 
copper are greater than those encountered ordinarily 
in the nitric acid solution of the precipitate of bis- 
muth oxychloride. When more than 1 mg of iron 
is present in the bismuth oxychloride precipitate, the 
iron must either be removed, or the ferric iron re- 
duced to the ferrous state [4] before the bismuth- 
thiourea color is developed. There is no interference 
in the development of color when 0.25 mg of chlorine 
as hydrochloric acid is added to 0.2 mg of bismuth as 
bismuth nitrate in a volume of 50 ml (1 mg of bis- 
muth as bismuth oxychloride contains 0.17 mg of 
chlorine). 

The optimum concentration of nitric acid for the 
development of the yellow color is in the range from 
2 to 10 percent by volume [4]. In the described 
procedure approximately 5 percent by volume of 
nitric acid is used, 


* The filtrates were extracted with a carbon tetrachloride solution of dithiz 
and bismuth was determined photometrically with thiourea. 


less 










































+ te ality 











In the recommended procedure all the added 
ourea is available for complexing with the bis- 
th, because the bismuth is isolated from the 
ivy metals, which form complexes with 
ourea. An attempt was made to determine if 
re is a Minimum amount of thiourea above which 

absorbancy of the bismuth-thiourea color is in- 
pendent of the concentration of the thiourea 
sorption curves were obtained with a Cary Record- 

Spectrophotometer on five solutions each con- 
ning 2.0 mg of bismuth and from 0.25 to 2.5 ¢ of 
ourea in 100 ml of dilute nitrie acid (54-95 It 
is found that the absorbancy, at 425 mau, of the 
smuth-thiourea color in dilute nitric acid (54-95). 
relatively independent of the thiourea concentra- 
on when the solution contains 1 percent or more of 
However, for accurate work it is recom- 
that a used to measure the 


also 


hiourea 


ended pipette be 


olume of the thiourea solution 
\ few comparison absorbancy curves, obtained by 


John H. Gould with the Cary Recording Speetro- 
photometer, of the bismuth-thiourea color in dilute 
nitric acid (5-+-95) and in perchlorie-phosphoric acids 
[6] showed that the shape of the absorption curve is 
dependent on the particular acid medium in which 
the colored complex is developed. 
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Calorimetric Properties of Benzoic Acid from O° to 410° K 


George T. Furukawa, Robert E. McCoskey, and Gerard J. King 


Heat capacity, enthalpy, and entropy of benzoie acid (CysH,;COOH) are tabulated 
from 0° to 410° Kk, using experimental heat capacities obtained by means of an adiabatic 
vacuum-type calorimeter. The heat of fusion was measured to be 18,000 100) abs j 
mole The standard entropy, heat, and free energy of formation of benzoie acid at 


298.16°K are calculated 


l. Introduction 


For many years benzoic acid (CyH,COOH) has 
been issued by the National Bureau of Standards as 
a standard for acidimetry and for determining the 
energy equivalent of combustion bomb calorimeters 
More recently this material has been used in standard 
thermometric cells in which its liquid-solid equilib- 
rium temperature is used as a reference for thermom- 
eter calibration. At the meeting on April 21, 1948, 
the Low Temperature Calorimetry Conference,’ 
which was organized for the purpose of promoting 
improved calorimetric techniques and setting up 
standards for testing and calibrating calorimeters of 
various designs, selected benzoic acid along with 
synthetic sapphire (a-aluminum oxide) and normal 
heptane as standards for the intercomparison of 
precision heat-capacity calorimeters in the tempera- 
ture ranges from 10° to 350°K, 10° to 1,800° K, and 
10° to 300°K, respectively. The three materials 
were prepared and packaged in suitable quantities 
at this Bureau and are of sufficient purity and 
uniformity that errors arising from these sources are 
well within the precision of experimental measure- 
ments, 

The benzoic acid for the Calorimetry Conference 
was purified by procedures similar to those used in 
the preparation of the benzoic acid for the thermo- 
metric standard cells issued by this Bureau. The 
purity of this material is 99.997 mole percent, as 
caleulated from the freezing curve 
benzoic acid Standard Sample 39g, presently issued 
for acidimetry and for the calibration of the com- 
bustion-bomb calorimeters, is 99.99 weight percent, 
as determined by titration. Considering the high 
purities, the authors believe that within the accuracy 
with which calorimetric measurements can now be 
made the calorimetric properties of these two samples 
are the same. In this paper there are presented the 
results of the measurements, with an adiabatic 
vacuum-type calorimeter, of the heat capacity and 
the heat of fusion of the sample of benzoic acid pre- 
yared for distribution by the Calorimetry Conference. 

he enthalpy and entropy have been calculated from 
the results of the measurements, and these properties 
are tabulated from 0° to 410°K. The calorimetric 


measurements above 395°K, as indicated in the 





| The Low Temperature Calorimetry Conference was renamed the Calorimetry 
Conference at the meeting held on Sept. 5, 1950. 


The purity of | 





following sections, are less accurate due to a slight 
chemical reaction of benzoic acid with the contains 


2. Experimental Procedure 
2.1. Apparatus and Method 


This investigation on benzoic acid was carried 
out with an adiabatic vacuum-type calorimete: 
similar to that used with diphenyl ether [1]? Since 


details of the design and operation of a simila 
calorimeter are given in the paper on 1,3-butadien 
by R. B. Scott, et al. [2], only a brief account will 
The sample was sealed in a copper con- 
tainer and suspended inside an adiabatic shield 
system. <A series of heat-capacity experiments 
was made over the temperature range 13° to 410 
K. After making the so-called curvature corree- 
tion, which transforms observed values, AQ/AT, 
to the desired values, dQ/d7T, these were plotted 
on a large seale as deviations from an approximate 
empirical equation. A smooth curve was drawn 
through the deviation points, and the heat-capacity 
values were obtained at equally spaced integral 
temperatures from this deviation curve combined 
with the approximate empirical equation. Similar 
heat-capacity experiments were made with the 
empty container, and the data obtained were treated 
in the same manner. The net heat capacities wer 
computed by subtraction, using the smoothed 
tabulated values for the two sets of measurements 
at the corresponding temperatures. The vaporiza- 
tion correction is negligible for benzoic acid in the 
temperature range reported in this paper. 


2.2. Sample 


The benzoic acid sample for the Calorimetry 
Conference was prepared by F. W. Schwab® of 
this Bureau. Details of the purification by frac- 
tional crystallization and the subsequent removal 
of water and air are given in previous publications 
{3, 4]. The final treatment for the purification and 
the purity tests was carried out in thermometriv 
cells similar to those described in one of the references 
cited [4]. The molten benzoic acid was transferred 
into platinum dishes and allowed to solidify in 


be given 


? Figures in brackets indicate the literature references at the end of this pay 
* Deceased. 
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dessicator containing phosphorus pentoxide in 
ler to prevent absorption of moisture from the 
nosphere. The solid benzoic acid thus obtained 
s crushed and sieved: the particle sizes between 
mber 10 and 50 sieves were thoroughly mixed 
| bottled in 70-g¢ units. All units are considered 
have a purity and identity well within the precision 
heat-capacity measurements. The purity of 
material from freezing-temperature studies 
calculated to be 99.997 mole pereent [5]. In 

ler to determine whether the crushing and sieving 
ocesses would introduce any impurities, a crushed 
imple of benzoic acid was sieved 20 times Spectro- 
aphic analysis by B. F. Seribner of this Bureau 
howed an increase of five parts per million of metallic 
therefore, that a 
ngle sieving would introduce negligible amounts 


¢ 


mpurities It is considered, 
Impurities 

\ sample (79.2409-g mass of benzoic acid from 
vo units was sealed in a copper container under 
ressure of helium of about 0.2 atm (0.0020 g¢). All 
eat-capacity experiments were completed below 
20° K before the material was heated above this 
emperature for any further heat-capacity experi- 
ments or for the determination of the heat of fusion 
and purity by melting-temperature studies. This 
precaution was taken because the tests at 100° C 
werformed by F. W. Schwab indicated that benzoic 
acid reacts slightly with copper and tin. The sample 
ontainer, as described in the references cited |1, 2], 
is constructed with copper and coated with tin on 
the inside 


3. Results 
3.1. Heat-Capacity Results 


F The heat capacity of the empty container was 
measured from 14° to 386° K. The deviation of 
ndividual experiments from the smoothed heat 
capacities is shown in figure 1. The heat capacities 
of the container plus benzoic acid were measured 


over the temperature range 13° to 410° K. The 
deviations of the experimental values from the 


smoothed heat capacities are given in figures 2 and 3. 
The deviation boundary of +0.05 percent in the 
solid range and +0.25 percent in the liquid range are 
expressed in terms of net heat capacities. The pre- 
cision of +0.02 percent obtained with the empty 
container arises from the high net heat capacity. 
The smoothed heat-capacity values of the empty 
ontainer were extrapolated from 385° to 410° K 
order to obtain the net heat capacities in this 
range It is believed that the error in the extra- 
lation is than the experimental precision 
The heat capacity of benzoic acid was extrapolated 
below the experimental temperature range to 0° K 
means of the Debye function, 


Cass 38.97D (“7 *), (1) 


hich was fitted to the experimental values at 14° 
s*, and 22° K. The heat-capacity values are 


less 
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tabulated in table 1 at intervals of 2 deg from 0° to 
50° K and at intervals of 5 deg from 50° to 410° K, 
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3.2. Reliability of the Heat-Capacity Results 


The possible sources of errors in the adiabati 
calorimeter were discussed previously [1]. As a test 
on the performance of the calorimeter, the heat 
capacity of water was measured between 274° and 
332° K under conditions as nearly identical 
possible to those of the benzoic acid experiments 
These results agree within 0.02 percent of the values 
previously published [6]. Considering the precision 
and the various known sources of errors a probable 
error‘ of 0.2 percent is assigned to the heat- 
capacity values from 60° to 395° K. Above 395° K 
the probable error is +0.3 percent, due to the in- 
creased uncertainty arising from the chemical 
reaction of benzoic acid with the container. In 
order to determine the effect of the chemical reaction 
on the heat capacity of benzoic acid, a series of heat- 
capacity measurements was carried out after two 
experiments in which the material had been melted 
Figure 2 shows, except for the two points indicated by 
the deviations of 0.151 and 0.182 abs j deg™', which 
are considered to be experimental errors, the results 
for the solid benzoic acid are essentially the same as 
prior to melting. No unusual thermal drifts were 
observed in the higher temperature range to indicate 
the evolution of a large heat of chemical reaction 
Below 60° K the probable error increases to +! 
percent at 14° K because of the greatly diminished 
absolute heat capacity and uncertainties in the 
measurement of temperature. 


as 





‘ For these experiments a true probable error cannot be computed statist 
The values given are estimates reached by examining contributions to the \ra 
curacy from all known sources. The authors estimate that there is a ff f 





chance that the error is no larger than that indicated 
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3.3. Purity and Heat of Fusion 


In order to follow the extent of chemical reaction 
en the material was melted, three purity deter- 
inations were made with two meltings before each 
easurement. The purity was calculated from the 
librium melting curves [1]. The results in the 
ler of the measurements were 99.93, 99.92, and 
1.92 mole percent purity, indicating that the purity 
| not change greatly with the number of meltings 
hese figures are considerably lower than the value. 
1.997 mole percent, obtained from the freezing-point 
rve. Judging from the appearance of the interior 
irface of the container and the fact that the con 
iner lost about 0.45-g mass, it seems the purity 
letermined is higher than expected. It is possible, 
owever, that the reaction products are insoluble in 
wenZOole acid This method only gives liquid soluble- 
olid insoluble impurities 
lhe heat of fusion was determined by the usual 
vethod of heating continuously from a temperature 
ightly below the triple point to just above it [1] 
The total heat Input Was corrected for the heat 
( apacity of the container and sample below and above 
he triple point and for the premelting of the sample 
i toimpurities. Three determinations were made, 
nd the results were 18,006, 18,003, and 18,011 abs j 
mole The heat of fusion is taken to be 18,000 abs | 
mole! It is believed, upon considering the chemical 
eaction that took place with the container, the un- 
riainty in the heat-capacity correction, and the 
incertainty in the premelting correction, that the 
probable error in the heat of fusion may be as much 
as 100 abs j mole In the temperature range of 
his investigation the amount of benzoic anhydride 
formed was probably not greater than 0.03 mole 
percent, as estimated from the work of Schwab and 
Wichers [4, 7] It is considered that the error in 
the heat of fusion from this source is negligible 


4. Derived Thermal Properties 
4.1. Enthalpy and Entropy 


The enthalpy and entropy of solid and liquid 
benzoic acid are given in columns 3 and 4 of table 1, 
respectively, at 2-degree intervals from 0° to 50° K 
and at 5-degree intervals from 50° to 410° K. The 
enthalpy was evaluated using the relation 


°7 


(Har. — E5) Cre, dT + Ly, (2) 


which (1. —3) is the enthalpy along the 
uturation curve relative to the internal energy of 
he solid benzoic acid at absolute zero; and L, is 
he heat of fusion. The entropy was evaluated 


ing the relation 


"T Cres L, 
Jo 1 


(S -S3) dT + (3) 


as 
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in which (Seat Si) is) the entropy of the solid 
benzoic acid along the saturation curve relative 
to absolute zero (S5 is considered to be zero in all 
calculations made in this work); and 7, is’ the 
triple-point temperature. The equations were evalu- 
ated above 12° K by numerical integration, using 
four-point’ Lagrangian integration coefficients [s} 
and below this temperature by analytical methods 
The integrations were checked by evaluating the 
thermodynamic identity 
“7 


(S Ss) dT = T(Suo.. —S$) —(Hoe:. —E%). (4) 


wat 
/0 


The tabulated enthalpy values are considered to 
have a probable error of +0.2 percent between 60 
and 395° K, 1 percent below 60° K, and 40.3 
percent above 395° K. The entropy values have a 
probable error of +0.1 abs j °K™' mole"! in the 
temperature range below 395° K and +0.5 abs j 
K~' mole above this temperature The increase 
in uncertainty above 395° K as previously stated 
is due to the chemical reaction of benzoic acid with 
the container. In all calculations the triple-point 
temperature was taken to be 395.522°K,° as given 
by Schwab and Wichers [4] 


4.2. The Standard Entropy, Heat, and Free Energy of 
Formation 


The standard entropy of formation of benzoic 
acid at 298.16° K was calculated by using the entropy 
value directly from table 1 without correction to 
standard state, since this correction is negligible 
for all practical purposes. The standard entropies 
of graphite, hydrogen, and oxygen used in’ the 
calculation are 5.720 0.050 [9], 130.574 +0.010 
[10, 11] and 205.073 £0.010[12, 13] abs j °K! mole, 
respectively. The value so obtained is 


1 I 


AS, 169.25 mole 


0.37 abs j °K 
m. 16°K 


The standard heat of formation was calculated 
using the standard heat of combustion of benzoic 


acid, $226.92+0.52 abs kj mole"! [14, 15, 16] 
with the standard heats of formation of carbon 
dioxide, $93.51340.045 abs kj mole! [17], and 


liquid water, —285.840 
The value obtained is 


+ 0.042 abs kj mole! [17] 


i... $85.19 +-0.46 abs kj mole 

The standard free energy of formation was cal- 
culated using the above values of standard entropy 
and heat of formation. The result is 

Ak — 245.28 +.0.47 abs kj mole 

The probable error given with each of these values 
was obtained from a statistical combination of the 
probable errors of the data used in computing the 
value 








* Temperatures in degrees Kelvin were obtained from the relation ° K C4 
273.100 
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5. Comparison With Other Results 


Hess [18] measured the enthalpy of benzoic acid 
relative to 0° C, using a Bunsen ice calorimeter and 
formulated a linear heat-capacity equation to fit the 
interval from 0° to 122°C. His heat-capacity values 
are 25 percent lower at 275° K and 32 percent higher 
at 395° K than the values in table 1. Andrews, et al. 
[19], using a drop method similar to Hess but with 
the receiving vessel at 22° C, obtained linear rela- 
tions for the heat capacity of solid and liquid benzoic 
acid in the temperature range 22° to 200° C. Com- 
paring their work in the range of this work, their 
values are about 5.4 percent higher at 300° K and 
6.7 percent lower at 395° K. Using a cooling method 
Hrynakowski and Smoczkiewiczowa [20] measured 
the heat capacity at 25° This value is 6.5 per- 
cent higher than the value in table 1. Parks, et al. 
{21}, using an aneroid type calorimeter, measured the 
heat capacities from 90° to 295° K. These values 
are within | percent of the values in table 1. Jessup 
[14] measured the heat capacity of benzoic acid at 
28.5° this value is 0.4 percent lower. The heat- 
capacity values obtained by Andrews, et al., Parks, 
et al., and Jessup are compared in figure 4 with the 
values in table 1. 

A few authors have published their experimental 
values in terms of mean heat capacities. These are 
compared in table 2 with the values in table 1. The 
comparisons were made by interpolating the tabu- 
lated enthalpies at the proper temperature intervals. 
Hess [18] and Satoh and Sogabe [22] used ice calori- 
meters in their experiments. 

The heats of fusion of benzoic acid obtained by 
previous investigators are compared in table 3. 
Hess [18] obtained mean heat capacities of solid and 
liquid benzoic acid at the melting point relative to 
0° C and from these values calculated the heat of 
fusion. Garelli and Montanari [23] determined the 
eryoscopic constant of benzoic acid using different 
solutes at various concentrations and from the 
average of the eryoscopic constants calculated the 
heat of fusion. Mathews [24] similarly calculated 
the heat of fusion from the eryoscopic constant 


TRIPLE POINT 


DEVIATIONS, % 


200 +250 300 ° 350 
TEMPERATURE, *K 
FIGuRE Comparison of heat capacities of benzoic acid with 
those from other investigators. 


The base-line represents the values in table 1 , Parks, Hoffman, and Barmore; 
essup; , Andrews, Lynn, and Johnston 


|} containers. 


Comparison of mean heat capacities of benzoic a 
with the values obtained by other investigators 


TABLE 2 


Mean heat capacity 


Pemperature 


Investigator 
interval 


Other investi 


gator Phis work 


deg™' mole aba j dea mole 
Hess [15] Oto w 131.4 146. 82 
Do Oto 159.3 157. 08 
Do 0 to 110 160. 6 160. 79 
Satoh and Sogabe [22] Oto 9.6 160. 2 158. 34 


Comparison of heat of fusion of benzoic acid wit) 
the values obtained by other investigators 


TaRLeE 3 


Investigator 


ahs mole 
Hess [1s] 8.810 
Carelli and Montanari [23 20, 2H) 


Mathews [24] 17, 780 
Andrews, et al. [19] 17, 320 
Klosky, et al . [25) 16, 700 
Hrynakowski and Smocezkiewiczowa [26 15, 530 
his wor Is, 000 


obtained using anthracene as a solute at different 
concentrations. Andrews, et al. [19] obtained their 
value for the heat of fusion from the enthalpy curves 
for the solid and liquid benzoic acid determined by 
the drop method. Klosky, et al. [25] calculated the 
heat of fusion from the vapor pressure curves for 
solid and liquid benzoic acid. Hrynakowski and 
Smoczkiewiczowa [26] determined the heat of fusion 
by a cooling method. 


6. Discussion 


The results of this investigation show that benzoic 
acid is a suitable heat-capacity standard in the 
temperature range 10° to 350° K prescribed by the 
Calorimetry Conference. As this material becomes 
corrosive above the upper temperature limit, par- 
ticularly in the liquid state, it should be used only 
below 350° K. The benzoic acid, packaged in 70-¢ 
units in pgrticle sizes between number 10 and 50 
sieves, can be easily poured into calorimeter sample 
As long as this material is used below 
350° K, most of it can be poured out after use, but 
once fused the task of removing the sample becomes 
more difficult. 

The original purpose of the benzoic acid standard 
as proposed by the Calorimetry Conference is for 
the intercomparison of precision heat-capacity calo- 
rimeters. It seems appropriate that the heat capacity 
of benzoic acid be determined by other laboratories 
so that calorimeters of various design and the results 
obtained with them can be compared. 
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Infrared Emission Spectrum of Calcium' 
Curtis J. Humphreys 


The spectrum of neutral calcium excited in alternating-current and direct-current ares, 
using carbon electrodes cored with CaO, has been observed with high resolution, in the inter- 


val between 12816 and 22655 Angstroms. 
all but one have been classified 


lished on the basis of two complete multiplets, 
and two intersystem lines 3d-4p 'D° — 3d? °F,,; 
the multiplet 4p*P°—3d'*D. These lines are 


for the 2-micron region 


1. Introduction 


The study of infrared atomic emission spectra 
has been given new impetus as a result of the utiliza- 
tion of photo-conducting cells in conjunction with 
high-resolution grating spectrometers for observa- 
tion in the region just beyond the limit of response 
of infrared-sensitive photographic emulsions. Pre- 
vious to this recent renewal of activity there had been 
an almost complete cessation of work on infrared 
atomic emission spectra for a period of about 25 
years, following the work of Paschen and his pupils. 
The explanation lies mainly in the relative insensi- 
tivity of thermal detectors, such as thermopiles, 
bolometers, and radiometers, as compared with 
pane emulsions in regions where they could 
x used. In order to observe infrared emission 
spectra at all, it was necessary to work with optical 
slits so wide that the precision of wavelength deter- 
minations was insufficient to distinguish between 
real and fortuitous regularities, with the result that 
the observational data were not of much value for 
term analyses. It was also impossible to observe 
lines other than those of very high intensity, thus 
providing an insufficient number of wavelengths for 
use in establishing regularities. 

The use of photoconducting detectors now provides 
essentially the same advantages as photography, as 
regards both volume of attainable data and precision 
of observations, particularly for the region between 
1 and 3 uw where lead sulfide cells may be used. It 
is obviously possible to observe infrared lines for 
most if not all atoms in this region. Many of these 


lines can be predicted in position on the basis of 


term analyses already made with varying degrees 
of completeness. Three criteria are suggested as 
the basis of selection of spectra for study; first, gaps 
in the term system that can be filled in only by 
finding regularities involving infrared data; second, 
astrophysical interest, such as questions of identi- 
fication of elements in the solar spectrum on the 
basis of excitation in the laboratory, and, finally, 
usefulness in providing wavelength standards that 
may assist in the measurement of wavelengths in 
other spectra, either atomic or molecular. 
Observations have been completed or are now in 
progress on several infrared emission spectra in the 


Reported, in part, at the meeting of the Optical Society of America, Wash- 
ington, D. C., March } 





A total of 36 lines has been observed, of which 
The long-sought term, 3d?*F, has been found and estab- 


3d- ip 2 32 3F, and 3d-4p 1p 3d? 4F, 
Most of the infrared energy is radiated in 
suggested for use as wavelength standards 


| Radiometry Laboratory. Car has been selected 
| for the first detailed report because it is probably th: 
most conspicuous example of a spectrum in urgent 
need of observation on the basis of all three suggested 
criteria. 


2. Energy Levels of Ca I 


Ca is an example of a relatively simple spectrum 
the term system comprising singlets and triplets, 
arising from two valence electrons outside of closed 
shells. Table 1 lists the electron configurations 
with designations of predicted terms appropriate to 
each. A more detailed table is to be found on page 
XXXYV of Bureau Circular 467 [1].2 The numerical 
values of all energy levels of Cat previously known 
are listed in the same book, together with references 
to the sources of the material. 


TaB.Le 1. Electron configurations and terms of Cat 


Configuration Predicted terms 

hs? is 

48(°2S) 5s is . Ss 

is(@S)4p ip , *P 

$s(2S)3d 'Dp ,*D 

is(28) 4f iF oF 

3d?2D) 4p \(P,D,F)®. (P,D,F) 

tp? (8'D) [3p 

3d? 1(8,D,G) , 3(P,F) 

i 
The regular series, resulting from the displacement 

of one electron from the normal 4s’ configuration to 
successively higher states, have been known almost 
from the first discovery of spectral regularities. 
The information is summarized in the well-known 
monographs by Paschen and Gétze [2] and by A. 
Fowler [3]. It was pointed out in 1925 by Russell 
and Saunders [4] that, in Cat and other alkaline- 
earth spectra, features of these spectra not accounted 
for by regular series could be explained as transitions 
between terms arising from electron configurations 
in which both electrons are displaced from the norma! 
configuration, This paper, which preceded the 
formal presentation of the Hund theory [5], served 
in a sense as an introduction to the theory of complex 
spectra. 


? Figures in brackets indicate the literature references at the end of this pape 
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Figure | Partial term diagram of Cat 

In spite of extensive efforts that had been made 
to complete the analysis of Cai, there remained, 
previous to the observations reported in this paper, 
a conspicuous gap in the term array, namely, that, 
with the exception of *P, all terms from the 3d? 
configuration were missing. The 3d**P term ts 
abnormally high, possibly because of a perturbation 
by 4p°°P, another term of even parity. This per- 
turbation has the effect of a repulsion, producing a 
separation of terms that would otherwise be at about 
the same elevation. Combinations of 3d?*P with 
lower odd terms yield photographically observable 
lines, permitting evaluation of the term. There is 
no such perturbing term to affect the position of 
VP? *F. Its location was predicted by H. N. Russell 
in accordance with the following considerations, 
communicated privately. The higher members of 
this series, converging to the 3d ?D limit in Ca un, 
are known, permitting evaluation of total quantum 
numbers and the values of An. Assuming An to be 
a little greater than 1 for the first two members of 
the “F series, the absolute value of 3d?°F, was pre- 
dicted to be 20700 em! with respect to its own 
limit. Taking into account the elevation of this 
limit, 13711 em@ above 4s 7S in Cau, the ionization 
limit of the regular series, the *F, level is expected 
ibhout 7000 em! below the usual ionization limit 
Translating this into the usual system, as 
mploved in Circular 467 [1], in which the ground 
level is given the value zero, the predicted value of 
°F, becomes approximately 42300. This is ac- 
omplished by subtracting 7000 from 49304.80, the 
alue of the first ionization limit. Actually, 3d° F, 
vas found to be 43508.11, or 5797 em! below this 


n Cat 


limit, in excellent agreement with the prediction, 
considering the uncertainty in the estimate of An 
Figure 1 is introduced to assist in visualizing the 
relative positions of the terms that are of significance 
in determining the location of 3d7°F. For simplicity, 
only a single level, that of highest J-value, is drawn 
in the position of term. The displacements 
indicated are with reference to the limit of the 
regular series, that is the 4s *S ground level of Cau 
The diagram includes the 3d 4p*D? and ‘FP levels, 
representing the terms that give the strongest com- 
binations with 3d?7*F. The experimental material 
completely establishing all the levels comprising this 
term will be presented ina later section of this paper 


each 


3. Observations 


The development of photoconducting detectors 
and of amplifving and recording equipment has now 
advanced sufficiently that energy detection no longer 
represents the principal difficulty in infrared obser- 
vation. The high-resolution spectrometer recently 
completed and put in use in the radiometry labo- 
ratory of the Bureau has been described previously 
6]. A 15,000 lines-per-inch plane grating, 7'4 in. 
wide, supplied by Johns Hopkins University, is used 
for observations in the region between | and 3 yu 
Where one must obtain the record of the spectrum 
on a paper chart by continuous scanning, the most 
serious problem in observing line spectra is to find 
a source combining sufficient excitation of high- 
energy states with operation steady enough to give 
a smooth development of line profiles, permitting 
precise location of the peaks for wavelength determi 
nations. An enclosed such as a 
tube, or the various metal vapor lamps utilizing 
relatively volatile metals, for example, mereury, 
cadmium, or the alkalis, is ideal for such use. Cal- 
cium unfortunately does not lend itself readily to 
such use because it has a fairly high melting point 
and combines readily with the glass enclosures at 
elevated temperatures. 

The reasonably smooth operation of open flame 
alternating-current ares, using carbons cored with 
various salts in order to increase emission in select 
ed spectral regions, suggested that a satisfactory 
calcium source might be developed by USI this 
principle. Unfortunately, no commercially prepared 
carbons with calcium salts were available 
The problem was, however, brought to the attention 
of the National Carbon Co., and this company 
generously offered to supply experimental carbons 
with calcium salts and other metallic com- 
pounds to be used in other investigations now on our 
program. <A supply of these carbons has been re- 
ceived, but so far has been used only to a limited 
extent. Most of the observations reported in this 
paper had been completed before the arrival of these 
carbons. Inasmuch as subsequent work on this and 
other elements requiring similar sources will probably 
utilize the electrodes supplied by the National Car- 
bon Co., an extremely brief report will be given of the 
preparation of cored carbons in the laboratory and 
of methods of use. 


source, Geissler 


cored 


cored 
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Fadometer carbons one-half in. in diameter were 
used in these experiments. The are was assembled 
with one plain electrode and one cored with a salt 
of the element under study. Operation of the are on 
alternating-current supply was abandoned after early 
trials when it was found that satisfactorily smooth 
operation could be obtained on direct current, and 
that, as might be expected, greatly improved exeita- 
tion resulted when the cored carbon was made 
positive Most of the cored electrodes were made by 
drilling a “{s-in. opening in a plain carbon along the 
axis and packing with a mixture of calcium oxide and 
carbon dust. The calcium oxide was the most satis- 
factory of a number of compounds tried, but, in view 
of the development work by the National Carbon 
Co., no exhaustive study was made. The hand- 
operated are was powered by the 220-v direct-current 
supply available in the laboratory, ballasted by 
sufficient resistance to maintain the current in the 
range between 15 and 25 amp. This was close to the 
maximum operating load of the circuits as assembled. 
It did not necessarily represent the optimum condi- 
tions for smooth are operation or excitation of de- 
sired energy levels. However, operating conditions 
were adequate to permit attainment of the primary 
objectives of the experiments. 

One troublesome experimental difficulty arose in 
connection with the operation of the carbon ares. 
The entire spectral region extending from about 1.1 
to bevond 1.64, except for a short gap near 1.3.4, is 
covered by two sets of band progressions of the CN 
system, corresponding to two vibrational transitions. 
Wavelengths of the (0,0) band heads were reported 
by Kiess [7] from photographic observations, and the 
entire infrared system was observed with relatively 
low dispersion by Herzberg and Phillips [8]. These 
bands were completely resolved in these experinents 
and will be reported in a subsequent publication. 
This band structure is so intense and closely packed 
that other spectral structures cannot be distinguished 
if they fall within these bands. One of the multiplets 
involving the newly found *F term, 3d@D)4p *F°— 
3d *F, is within the gap between the two bands. 
There is, however, enough weak band structure to 
prevent observation of the satellite lines. It was 
found possible to eliminate most of the band structure 
by using an enclosed water-cooled arc, circulating 
helium through the are chamber at a rapid rate. To 
offset the suppression of the excitation accompanying 
the introduction of helium, the positive carbon was 
cored with a slug of calcium metal replacing the CaO. 
This permitted the tracing of satisfactory records 
over short ranges. The calcium is used up rapidly in 
the enclosed are and does not operate in controllable 
fashion in the open are because of extremely rapid 
conversion to oxide. The enclosed arc, used for many 
years in the Spectroscopy Laboratory, was originally 
designed by H. D. Curtis [9], and kindly loaned for 
these experiments by William F. Meggers. 

The optical system in front of the entrance slit of 
the spectrometer was set up in order to satisfy two 
conditions in addition to full illumination of the colli- 
mating mirror. These were elimination of continu- 


Figure 2 Arrangement for projecting image of source 
slit of spectrometer 


A, Are lamp; N, neon tube; M, concave mirror; 1), diaphragm with horiz 
lot; F, filter; L, quartz lens; 8, spectrometer slit 


ous emission from the electrodes and provision fo 
introduction of a source of standard wavelengths 
The arrangement of components is sketched i 
figure 2, as seen from above. A quartz lens and 
concave mirror were lined up on the optic axis. Thess 
were at such distances that a slightly magnified imag: 
of the source, set up slightly off axis, was formed by 
the concave mirror on the axis at a point such that a 
sharp image of the first image was projected onto th: 
slit. A horizontal diaphragm was mounted between 
the lens and mirror, so that the images of the ele« 
trodes could be seen on the upper and lower jaws of 
the diaphragm with the are stream between. The 
length of the are and the diaphragm opening were 
adjusted to give the best operating conditions. — In 
general, arcs of about 6-mm length gave the most 
satisfactory operation. A Corning 2540 filter was 
attached to the back of this diaphragm to eliminate 
higher orders of spectra. Actually, this diaphragm 
filter combination was placed a little out of focus 
nearer the mirror. This permitted inserting the 
source of standard wavelengths at the common focus 
of the mirror and lens, making possible the use of 
wavelengths of any desired order. The Corning 
filter begins to transmit at about 0.9 uw. A neon 
discharge tube was used as a source of comparison 
spectra for determining the wavelengths of most of 
the observed lines, because second or third orders of 
the intense red lines happened to be most favorabl) 
located with reference to calcium lines. The neon 
tube was brought into position as required while the 
spectrum was being scanned. In a few instances 
determined by the wavelengths to be measured, a 
krypton source was used. 

The records used for wavelength determinations 
were run at the slowest scanning speed, approximate!) 
16 A a minute at 20000 A, insofar as operating 
conditions permitted. It was found possible to 
introduce standards close enough together in all 
instances that a linear interpolation could be used for 
reduction, 

The shortest wavelength measured was of 12816 A 
This is barely within the range of photography. It ts 
just at the beginning of the intense portion of the 
(0,0) CN band. For these reasons and also because 
the transitions especially sought had been found, it 
did not appear profitable to extend the measurements 
to shorter wavelengths. The spectrum was explored 
out to the limit of sensitivity of the lead sulfide cell 
near 27000 A, but no first-order lines of appreciable 
intensity were found beyond 22655 A. The 3d?D 
4p?P° doublet of Cau near 8600 A appeared with 
such intensity in the second and third orders that the 
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oc were recorded even with the cutoff filters used 
exclude higher orders 


4. Discussion of Results 


Che observation ol the infrared spectrum of cal- 
m was included in the very early work previously 
ntioned. Such observations were reported by 
ischen [10], by Randall [11], and by Sandvik and 


Spence [12]. These observations were subject to the 


nitations in precision already mentioned, and, 
though most of the lines reported appear to be real, 
he levels represented in the transitions could be de- 


Tassie 2. Description of ¢ 


C, Probably confused by line at 16156.04 A; u, | 


i wavelength Observed inten Intensity sun [14 Wave number 


n air ity observed 
A cm 
12815. 69 100 7800. SO 
12823. 46 100 7796. 07 
12826. 60 25 7794. 17 
12885. 21 15 7758. 71 
12909. 07 200 7744, 37 
13001. 37 20 THRO. 39 
13033. 41 300 7670. 49 
13057. 82 20 7656. 15 
13154. 96 100 7611. 19 
13167. 75 24 7592. 24 
13061, 84 S 7653. 79 
13086. 26 50 7639. 51 
16135. 80 20 s? 6195, 71 
16149. 79 70 4 6190. 34 
( 5 
16195. 33 150 14 6172. 94 
16202. 04 10 12 6170. 04 
15? 
16156. 04 100 6187. 05 
18024. 96 30 5282. 5S 
18969. 71 60 5270. 12 
19021. 39 4 5255. 80 
19045. 86 90 5249. 05 
19114. 83 5 5230. 11 
19309 43 500 5177. 41 
19452. 82 1500 5139. 24 
19505. 62 500 5125. 33 
19776. 67 2000 35 5055. 09 
19861. 70 500 5033. 44 
19916. 34 50 11 5O1L9. 63 
19620. 75 10 5095. 23 
19815. 14 30 20 5045. 27 
19852. 06 250 21 5035S. 66 
19932. 94 100 20 SOLS. 45 
19961. 37 10 5OO8. 31 
22608. 39 10 12 $421. 93 
22625. 51 20 14 4418. 58 
u 9 
22651. 30 30 18 $413. 55 
u 4 











termined more precisely by other combinations in 
None of the 
lines involving combinations of the heretofore missing 
32°F term was reported in any previous work 
Having in mind that an entirely different order of 
precision of wavelength measurement has now been 
realized, a completely new description of the infrared 
spectrum has been prepared without attempting to 
vssociate any lines with probable counterparts from 


regions more favorable to observation 


earlier work 
Descriptive data pertaining to 36 lines of Cat ob- 
served and measured in these experiments are com- 


piled in table 2. These data comprise observed 
atin the infrared reqion 
nresolved with pect to a went strong m 
—— a F Multiplet 
cm 
TSROO. 56 1 2 
7795. 81 l | (FS) 5 = Web Ip P 
7703, 86 1 O 
7758. 76 2-—3 
7744. 44 2-—@2 
7689. 40 3.4 
7670. 50 3-3 MED) Ap Al ee | 
} 
7656, 18 3-—32 
7611. 22 1 i 
7592. 32 ‘—3 
7653. 81 a—3 : . 
7639. 49 > «a MCD) 4p iD Sd? 4} 
6195. 39 0 l 
6190. 05 l 2 
GIRS. : ‘ 
oath 34 : l is(@S)5p'P ts(@S)5d3D 
lia é » 
6169. 64 2-2 
6167. 93 2 1 
6187. 45 l 2 8deDp lp ip ts(?S)5d 'D 
5282. 52 l 2 
5270. 12 2—3 
5255. 8 2—2 . , 
ey ; 4 AED) 4p Do 3a 
We ; ” 
5230. 11 3—3s 
5215. 79 3-2 
5177. 43 0 l 
5139. 18 i—@2 
5125. 28 l l > , 
5055. 04 a—3 | [tC8)4p °F — 4608) 3d *D 
5033. 30 2-2 
5019. 40 2 l 
“O45. 24 ae tsCP@S)4d'D 46C@S)4f 1 
‘ oo. 2 , 
5035. 62 l 2 
SOLS. 21 l 1 12(?S)5s 3S t«<(?S p P 
5OOS. 16 1-0 
$421. 09 1—2 
4418. 65 2—3 
&. 30 2—2 
aa 55 44 is(@S)4dd*D- 48S)4f 4h 
1413. 07 3—3 
1412 3—2 





re ttm er ee 


be 
C 


TIM te Meer 


fiwra sidy 


wavelengths at atmospheric pressure, corresponding 
wave numbers in vacuum, calculated wave numbers, 
intensity estimates, and classification where de- 
termined, as shown by multiplet designations. The 
reduction to wave numbers for wavelengths greater 
than 10000 A is accomplished by inversion of the Kay- 
ser “Tabelle der Schwingungszahlen’”’, 
by Babcock [13] and applying the required correction. 
There is some uncertainty regarding the index of 
refraction of air for this region, but there is no evi- 
dence that this uncertainty introduces an error into 
wave-number reductions as large as the random 
errors inherent in the observational procedures. 
The wavelengths are carried out to seven figures in 
the table, that is to hundredths of angstroms. On the 
basis of experimental checking of known constant 
term differences, considerable confidence is felt in 
the sixth digit for all lines. The seventh is very 
uncertain but is retained for uniformity throughout 
the table, since it is regarded as probably significant 
for the best determined wavelengths. In most 
instances the listed wavelengths represent averages 
of from four to six measurements each on separate 
records. In a few cases ten or more measurements 
are included. 

The indicated intensities may be regarded as semi- 
quantitative. A precision technique for evaluating 
intensities has not been developed for the equipment 
in use, but such a development appears feasible. 
Intensity estimates are rendered somewhat uncertain 
for an are source, because on the basis of repeated 


as suggested 


TABLE 3. 


3d? 3 FP, 
$3508. 11 


13134 
7611. 19 
7611. 22 


35896 


13001. 37 (20) 
7689. 39 
7689. 40 


35730 


3d-4p'D, 35835 


| 19045. 86 (90) 
5249. 05 
5249. 01 


3d-4p *D; 


38219 


' 





96 (400) 


runs it appears to be subject to slow variation jy 
energy output even when apparently steady. Th, 
relative intensities are much more reliable withiy 
multiplets than in the intercomparison of multiplets 
Spectral sensitivity of the detector must be consid 
ered in any precise intercomparison over wide ranges 
As is to be expected, the intensity distribution iy 
multiplet patterns points to a very close realizatioy 
of the LS-coupling scheme for Cat. 

One column of table 2 contains a listing of the in 
tensities of lines in the solar spectrum observed by 
Goldberg, Mohler, Pierce, and McMath [14], wher 
coincidences occur with the laboratory observations 
here reported. Calcium is one of the abundant 
metallic elements in the sun and is outstanding in 
the emission spectrum of the chromosphere and 
prominences. The laboratory observation and des- 
cription of the infrared-calcium spectrum is expected 
to aid in the identification of calcium lines in this 
portion of the solar spectrum. 

The most important result of this work, represent 
ing the attainment of the principal objective of the 
investigation, was the discovery of the multiplets 
comprising the combinations of 3d°°F. The identi- 
fication and interpretation of these multiplets are 
based on the observed fact that they involve com- 
binations with the previously known levels from the 
3d-4p configuration, also that such combinations are 
expected in these regions in accordance with the dis- 
cussion of the level scheme already given. These 
multiplets are displayed in table 3. The adopted 


Multiplet combinations of 32°F in Cat 


KF 


Ik 2 
13489. 2 413474. 89 


13167. 7: 
7592. 2 


7592. 3 


(24) 


13033. 41 
7670. 49 
7670. 50 


(300) 13057. 8% 
7656. 15 
7656. 18 
2909. 07 (200) 
7744. 37 
7744. 44 


12885. 21 (15) 
7758. 71 


4708. 
7758. 76 


3086. 
7639. ! 
7639 


| 13061 
7653. 7 
7653. } 


19114. & 
5230. 

5230. 5215. 79 
19021. 39 
5255. 80 
5255. 80 


1SO69. 
5270. 
5270. 
18924. 96 
, 5282. 58 
| §282. 52 








alues of the levels were arrived at by an adjustment 
) prov ide the best fit of the observed wave numbers 
to the scheme. The construction of this table 


ould be fairly obvious, it being the familiar quad- 
itic array frequently used in reporting spectral regu- 


ities. The entries comprise in each instance the 
served W avelength followed by estimated intensity 
parenthesis, Just below the wavelength the corre- 
wonding observed wave number (alined with the 
ombining level in the left column) and finally the 
ileulated or adjusted wave number. The preci- 
on of the experimental observations may be judged 
vy the agreement between observed and calculated 
numbers. There are several instances of 
agreement and no deviations greater than 
All possible transitions are observed ex- 
cept the faint corner satellite Ds F,. The satel- 
tes in the *F F multiplet are somewhat less pre- 
cisely determined than the transitions on the di- 
agonal, because they could be observed only by using 
the difficult experimental technique involving circula- 
ting helium in the enclosed are in order to eliminate 
band structure 


wave 
exact 
OOS em 
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The data compiled in table 3 were obtained from 
the measurement of records similar to the one repro- 
duced in figure 3, which is an ink tracing of a chart 
record. The records that were actually used for 
wavelength reductions were obtained by scanning at 
speeds one-half or one-fifth as fast, permitting a 
corresponding greater linear dispersion. In order to 
exhibit the weaker lines, the deflections for the more 
ntense lines are necessarily off scale, as indicated by 
the blunt maxima of the strong lines. The same 
statement applies to figure 4, which illustrates the 
extremely intense multiplet 4p *P°—3d*D. For the 
actual wavelength determinations of the intense 
lines, they are kept on the scale by an attenuator 
itilizing a network of resistors. A setting may be 
chosen to give the desired attenuation factor 

By far the strongest infrared lines and among the 
most intense in Cat are included in the multiplet 
tp *P°—3d°D. These are illustrated, together with 
5s “S—S5p *P° and 4d 'D—4/'F°, in figure 4, which is 
traced from an actual chart record in this region. 
The positions of all of these lines are predictable 
from the values of the combining levels, given to 
eight figures by Wagman [15], based on interfero- 
metric measurements of wavelengths of lines, due 
to other combinations of these same levels, in the 
photographically accessible region. The calculated 
wave numbers given in table 2 are obtained from 
these precisely determined levels where possible. 
The 4p *P°—3d *D multiplet can be observed under 
favorable conditions, that is high intensity and free- 
dom from interference. These favorable factors 
strongly suggest the use of these lines as wavelength 
tandards, 

The agreement between observed and calculated 

ave numbers for lines of some multiplets in the 

(000- to 16000-A region is not quite so good as the 
‘timated precision of the wavelength measurements 
should make possible. The reason for these differ- 
nees 1s still not fully understood, but it is suggested 


that the values of some of the levels may still be 
subject to revision. It is hardly necessary to point 
out that it is a prime necessity to establish a satis- 
factory set of standards throughout the infrared 
region in order that these new high-resolution tech- 
niques may be to advantage in both 
and molecular spectra 
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Ficgure 3. Multiplet combinations of 
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Ficure 4 


5. Conclusion 


Multiplets of Cat in the 


This work can hardly be said to complete the | [1] 
analysis of Cat, although it has remedied the out- 
standing deficiency in the term array. 
singlets either from 3d? or 3d 4d is known. It is | 3) 
probable that most of the required combinations are 
in the photographic infrared in the region obscured | |) 


None of the | 


[2] F 


region 19300 to 20000 A, 
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Crystallization of Aluminum Chloride in the Hydrochloric 
Acid Process for Production of Alumina From Clay 


Lewis Jesse Clark, Willard D. Hubbard, and James I. Hoffman 


When roasted clay is treated with 
that contains aluminum and other soluble 
Crystallization as the hydrated chloride, 
the other soluble chlorides 


AIC] 


1. Introduction 


In 1946 a hydrochloric acid process for the produc- 
tion of alumina from clay ' was described, which 
nvolved the following steps: (1) rogsting the clay at 
hout 700° C, (2) digesting the roasted product in 
dilute hydrochloric acid, (3) filtering to separate the 
soluble siliceous matter from the solution con- 
taining the eluminum and soluble impurities such 
as iron and alkali salts, (4) concentrating the solu- 
tion, (5) precipitating the aluminum as the hydrated 
chloride from the concentrated solution by adding 
vaseous hydrogen chloride; (6) removing the crystals 
of hydrated aluminum chloride, (7) washing the 
crystals to remove adhering impurities, (8) calcining 
the hydrated chloride to obtain alumina, and (9) 
recovering hydrochloric acid from the waste products 
at the end of the process. The process is outlined 
in the flow sheet in figure 1. 
\lumina of satisfactory purity was obtained, but 
the precipitation of aluminum chloride hexahydrate 
\ICl,-6H,O) by saturating the solution with hydro- 
ven chloride (step 5) resulted in considerable loss of 
hydrochloric acid. This in turn caused an unreason- 


KAOLIN. _lgRoasTER (1) 


20% HC! LIQUID 


*OIGESTER (2) 





4,0 wasw ————» “WTER__. sion siunce (3) 
Y PRESS 


mri 
— 

sti oe . 
7 < * (7) 


i. 
SOLIDS 





> H20 (4) 





(5) 


(6) 


Alp Oy (8) 


Flow sheet of hydrochloric acid process for the 
extraction of alumina from clay. 


Hoffman, Robert T. Leslie, Harold J. Caul, Lewis Jesse Clark 
« Hoffman, J. Research N BS 37, 409 (1946) RPI 


dilute 
constituents of the 
-6H,0, 
\ process is described for this ervstallization on a large scale 


obtained 
form of chlorides 
the aluminum from 


acid, a solution is 
clay in the 


serves to separate 


hydrochloric 


able amount of corrosion with consequent deteriora 
tion of equipment. The present discussion is con- 
cerned with an improvement of step 5, that is, the 
separation of the aluminum from the other constit- 
uents of clay that are soluble in hydrochloric acid 

In the paper cited, evaporation of the solution until 
a slurry of crystals formed was mentioned as a 
means of separating the hydrated aluminum chloride, 
but during the war, when this work was being done, 
the necessary equipment was not available. Evap- 
oration with the resultant formation of ervstals in 
hot solution seemed especially well suited for the 
precipitation of hydrated aluminum chloride because 
its solubility not vary much with change 
temperature 


does in 


Without 


2. Crystallization Mechanical 


Stirring 


For good plant operation it seemed obvious that 
considerable agitation of the solution would be 
necessary during distillation and erystallization. To 
obtain such agitation without mechanical stirring, 
the evaporator shown in figure 2 was designed. It 
consisted of a Karbate heat exchanger, A, connected 
to a settling tank, B. The solution, which was 
nearly saturated with respect to aluminum chloride, 
was pumped into the heat exchanger and settling 
tank assembly so that the level of the solution was 
somewhat above the inlet of the settling tank ((' 
in fig. 2). This required about 125 gal in the 
assembly shown. The solution was then heated by 
means of steam at gage pressures up 10 Ib/in’ 
As soon as the steam was turned on, the solution in 
the Karbate tubes within the steam jacket (J) in 
fig. 2) started to rise, and at the boiling temperature 
a vigorous circulation resulted 


to 


According to Solubilities of inorganic 
Atherton Seidell (1D). Van Nostrand Co 
num chloride, AICly-6H2O, in water is 57.2 ¢ per 100 ¢ of solution at 246° C and 
0.6 ¢ per 100 ¢ of solution at 100° C Approximate determinations in our control 
laboratory indicated the following solubilities in dilute hydrochloric acid 


md metal compounds, 3d ed. 1, by 
1940) the solubility of hydrated alum) 


Specific gravity 


Pemperature of acid 


Solubility 
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Fieure 2. Evaporator without mechanical stirrer. 


The boiling point of the solution remained prac- 
tically constant (124° C) while crystals were separat- 
ing. From a knowledge of the volume of the solution 
in the assembly and of the distillate, together with 
the concentration of aluminum chloride in the solu- 
tion in the beginning and at the time of filtration, 
the approximate weight of crystals could be caleu- 
lated. With the assembly described, the intention 
was to evaporate a sufficient volume of acid to 
produce about 200 lb of the hydrated chloride before 
separating the crystals from the mother liquor, 
but an unforeseen difficulty arose. In the glass 
pipe leading from the heat exchanger to the settling 
tank (£ in fig. 2) bubbles broke, and vapor escaped 
so rapidly that crystals formed on the inside surface. 
By the time approximately 100 lb of chloride had 
separated, this pipe became completely clogged and 
the distillation had to be discontinued. In addition 
to the clogging just described, crystals had a tend- 
ency to deposit on the gaskets in the pipe lines 
throughout the system. These deposits on the 
gaskets resembled doughnuts. If the distillation 
was continued long enough, the holes in_ these 
doughnut-like deposits closed up entirely, and the 
circulation stopped. in attempts to prevent the 
formation of these deposits, gaskets, joints, and right 
angles were entirely eliminated at critical points 
(E to C in fig. 2). Pipes of Karbate, Haveg, and 
glass were selected for smoothness of inside surface, 
but in all cases the deposits eventually stopped the 
circulation. 

This system of producing crystals was quite 
satisfactory up to the point where clogging occurred, 








but because of this difficulty, this evaporator wa 
abandoned in favor of the evaporator described jy 
the next section 


3. Crystallization With Mechanical Stirring 


The glass-lined steam-jacketed evaporator, show; 
in figure 3, is commercially available * and is pro 
vided with a motor-driven mechanical stirrer. Th, 
nearly saturated solution was pumped into thy 
evaporator, and steam at 10 to 40 lb/in.? was main 
tained in the jacket while the solution was mechani 
cally agitated. The approximate quantity of erys 
tals was calculated, as was done in operating the first 
evaporator. Experience showed that the best slurry 
for filtering was one that contained 3 to 3.6 lb of 
aluminum chloride, AlCl;-6H,O, in a gallon of liquid 
In this evaporator no clogging occurred during 
evaporation. The process is entirely satisfactory if 
the slurry is cooled and immediately filtered. For 
best operation, the slurry should not stand overnight 
because of dense packing of crystals in the bottom of 
the evaporator and consequent difficulty of starting 
the flow to the centrifuge. 





To 
CONDENSER 





=» 














TO 
CENTRIFUGE 





Fiaure 3. Evaporator with a mechanical stirrer. 

’ The evaporator used in our plant has a capacity of 100 gal and was purchased 
from the Pfaudler Co., Rochester, N. Y. Similar equipment can be purchased 
from Glascote Co., Cleveland, Ohio, 
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The acid distillate obtained with this, as well as 
th the Karbate evaporator, had a specific gravity 
about 1.08. 


Separation of the Crystals From the 
Mother Liquor 


The crystals of aluminum chloride were separated 
om the mother liquor by means of a rubber-coated 

ntrifuge in the manner described in the original 
rticle (see footnote 1). Before filtration, the slurry 
as cooled to about 40°C, because rubber-coated 
quipment deteriorates more rapidly at higher tem- 
peratures, and because filtration without preliminary 
ooling usually results in a glaze over the filter cloth. 
vhich slows the flow of the liquid through the cloth. 
The cooling in both erystallizers was accomplished 
by cutting off the steam and running tap water 
through the steam jacket. 

The purity of the crystals obtained was about the 
same as in the process described in the original article. 


5. Cost of Precipitating Aluminum Chloride 
Hexahydrate 


During the evaporation of the solutions, the steam 
condensate was collected and the heat input calcula- 
ted. This value is undoubtedly higher than it should 
© in good plant operation because the evapora- 
iors were not insulated. The results are as follows: 

The first evaporator required 16,800,000 Btu a 
ton of alumina, equivalent to $6.75 on the basis of 


coal. The second evaporator required 18,336,000 
Btu a ton of alumina, equivalent to $7.36 on the 
basis of coal 

In the original process 4,980,000 Btu were required 
for producing the gaseous hydrogen chloride used in 
step 5. This was equivalent to $2.00 a ton of alumina 
on the basis of coal at $6.00 a ton. In addition, there 
was a loss of hydrochloric acid in step 5 amounting 
to $29.85 a ton of alumina. The loss of acid in this 
step is entirely eliminated by the process just de- 
seribed. With the glass-lined evaporator the cost of 
crystallizing aluminum chloride, equivalent to 1 ton 
of alumina, is therefore only $7.36 as compared with 
$31.85 by the original process ($29.85 for loss of 
acid and $2.00 for heat in step 5). This represents a 
saving of $24.49. The total cost for all the steps in 
the original process is $109.13. This improvement 
in step 5 therefore represents a saving of 22.4 per- 
cent.’ With reasonable insulation of the equipment 
the saving may easily be 25 percent 


The authors acknowledge the assistance of Herbert 
Lowey for his contributions to the mechanical opera- 
tion of the plant, to George Derbyshire for his assist- 
ance in the operation of the Karbate evaporator, and 
to John Drake Hoffman, who did the laboratory work 
on which the process Is based 


‘ For original figures on cost, see J. Research N BS 37, 425 (1946) RP1756 


Wasuincron, May &, 1951 
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Creep of Annealed and Cold-Drawn High-Purity Copper 
William D. Jenkins and Thomas G. Digges 


\ study was made of the effect of temperature and stress on the creep behavior at 


110°, 250°, and 300° F 
annealed and as cold-drawn 


of high-purity oxygen-free high-conductivity 
10-percent reduction of area 


copper initially as 
The resistance to creep and 


to fracture at all these test temperatures was increased by cold-drawing the copper prior 


to testing in creep 
decrease in ductility and time to rupture 


however, this superiority in creep properties was accompanied by a 
Dissociation of parent grains into crystals of 


microscopic dimensions and the presence of strain markings were evidenced in all specimens 


carried to complete fracture in creep 


Correlations are made of these changes in structure 


with time, stress, temperature, and the discontinuous flow, as evidenced by the creep rate- 


extension curves 


1. Introduction 


The results of creep tests made at different tem- 
peratures on annealed high-purity (OFHC) copper 
were described in a recent paper [1].'. It was found 
thet the strain rate in the second stage was not 
constant, and the formation of cracks of microscopic 
dimensions often accompanied but was not neces- 
sarily a prerequisite for the initiation of the third 
stage of creep in this material. Furthermore, the 
original grains of the annealed copper broke down 
into subsize grains under varying test conditions, 
and strain markings were present in all specimens 
fractured in creep. As a part of a continuing study 
of the creep behavior of high-purity metals and 
binary alloys, additional creep tests have been 
completed on specimens prepared from this same 
lot of copper in the initial conditions both as annealed 
and as cold-drawn 40-percent reduction in area. 
The creep tests were made at different strain rates 
and at temperatures of 110°, 250°, and 300° F. 


The creep tests were supplemented by hardness | 


and tensile tests at room temperature and by a 
metallographic examination of specimens repre- 
sentative of the initial conditions of the copper and 
of the different stages of creep and fracture. These 
results are summarized in the present report. 


2. Material and Testing Procedures 


Some of the properties at room temperature 
of the high-purity copper (99.99+% of copper) 
in the initial conditions as annealed and as cold- 
drawn 40-percent reduction in area are given in 
table 1. 

All specimens of the annealed material were 
prepared from the seme bar as that used previously 
[1], and the test specimens of the cold-drawn copper 
were prepared from another bar, originally from 
the same heat. The testing procedures and appa- 
ratus have been already described in some detail 
[1, 2]. Essentially, the creep specimens were me- 
chined to 0.505-in. diameter and 2.0-in. gage length. 
Each specimen was held at a test temperature of 
110°, 250°, or 360° F for 48 hrs before loading to the 


Figures in brackets indicate the literature references at the end of this paper 


desired creep stress at a controlled rate of 3,200 
psi/hr for the annealed and 5,333 psi for the cold- 
drawn specimens (3,200 or 5,333 psi edded at 1-hr 
intervals); each creep test was made at a constant 
load. The temperatures of the creep furnaces were 
controlled within the range of about +1° F of the 
desired temperatures, and the probable error in 
measuring the extensions was less than 0.00002 in 


Grain size and mechanical properties at room 


tem perature of the copper used 


TaBLe 1. 


[The tensile tests were made at a rate of extension of approximately | percent 
per minute] 


Initial condition 


, rt . 
Property Cold-drawn 
(40°), reduc 


tion in area 


Annealed 


Average grain diameter, mm 

Average hardness, Rockwell F 

rensile strength, 1,000 psi 

Yield strength (0.2% offset), 1,000 psi 
Elongation in 2 in., percent at maximum load 
Elongation in 2 in., percent at fracture 
Reduction of area, percent at maximum load 
Reduction of area, percent at fracture 


Hardness tests were made at room temperature 
on all specimens fractured in creep. Two flats 
180° apart were prepared parallel to the longitudinal 
axis of the specimen after fracturing and Rockwell 
readings (F scale, 60-kg load, \.-in. diameter ball) 
were made at various points along the center line 
of these flats. Metallographic examinations were 
made of specimens representative of the copper as 
annealed, cold-drawn, and deformed in creep. 


3. Results and Discussion 


3.1. Influence of Temperature, Stress, and Rate of 
Loading of Creep Behavior 


The resistance to flow of the cold-drawn copper 
decreased as the test temperature was increased 


2 A rate of loading of 3,200 psi/hr (a load of 3,200 psi, added at I-hr interva 
wes selected as a standard rate for the annealed copper previously tested in cree 
1! As the area of an annealed specimen is reduced to three-fifths of its orig 
srea by cold-drawing 40-percent reduction of area, the cold-drawn specime 
were loaded in intervals of 3,200 5/3 = 5,333 psi. 
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|); the stress-strain curves for specimens tested 
250° and 300 F were nearly alike for stresses 

ving up to about 15,000 psi , 

Eextension-time curves for specimens prepared from 
l~lrawn copper and annealed copper are cviven 
vures 2 to 6 

It isa common belief that the extension at fracture 
i metal or alloy tested in creep usually increases 
the time to initiate each stage and to fracture 

However, with the high-purity copper, 

extension-time relationship) varied depending 

conditions (temperature, strain rate, 
tory, ete For example, with the initially cold- 

awn copper at 110 KF, two specimens (fig. 2, 
ind 3) had the same extension at fractures, but the 

mes to fracture were 28 and 236 hr, respectively 

250° F (fig. 3), the extension in two specimens 

creased as the time to fracture increased (tests 8 

nd 7), and then the extension in another specimen 
creased with a further increase in time to fracture 
ests 7 and 6). At 300° F (fig. 4), the extension at 
acture decreased continuously as the time to frace- 


eases 


on the test 


tests 
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cold-drawn 
specimens tested in creep at 110 F 


Extension-time curves for 


copper 
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ture increased At SO° F (table 1), the extensions 
at the maximum load and at fracture were less than 
the extensions at the beginning of the third stage 
and at fracture, respectively, of many of the speci- 


mens tested under creep conditions; at 80° F, the 
time to fracture was only about 1 hr \t constant 
temperature, reversals also were observed in’ the 


extension-time relationship at the beginning of the 
third stage (table 2), but the time to the beginning 
of the third stage and to fracture increased continu- 


ously with decrease in creep stress At constant 
creep rate (average in second stage), the time to 


attain the third stage and the extent of this stage 
both increased with increase in test’ temperature 
These features should be considered in the comme 
cial application under conditions of creep of cold 
drawn copper and the interpretation of stress-rupture 
data 

With annealed copper, the characteristics of the 
extension-time curves were similar to pre- 
viously described [1] In the present tests fig 5). 
the extensions at the beginning of the second stage, 
third stage, and at fracture usually decreased with 
increase in the duration of the creep test at each 
temperature investigated. An important feature, 
however, was shown in the creep behavior after the 
beginning of the third stage of a specimen tested at 


those 
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5. Extension-time 
specimens le sted in ¢ reep al 110 


13). 


curves for annealed 
and 300° F 


copper 


After the beginning of the third stage 


(point A), the creep rate materially increased and 
continued in excess of the average rate in the second 


stage for a period of about 500 hr. 


At the end of 


this period the specimen attained an average creep 
rate of 3.8 percent per 1,000 hr for a period of about 
1,000 hr before again increasing rapidly 


TABLe 2. 


Number 


Results of creep tests on high-purity copper initially as bright annealed and 


Test tem 
perature 


Nominal 
creep 


stress 


Average Beginning of third stage 
crest pp 
rate, 
second 


stage Time Plastic rrue 


eXtension 


Time 


stress 


os arter 
LOaoeD 5333 
a A0f0 3353 


OC GNG OF 


46530 PS) AFTER au. 
7 


t OSCON TINUED. © 


REO TION - AREA 


AED 3200 PS: PER 2 60 *S), STRESS Crance 


TO CREEP FOR 3000 HR 


STRESS CHANGED 1 
re #8 


os) PER *s 
ws To 
Teim@o Stace OF tid 
TESTED TO COMPLETE FRACTURE 











Ficure 6. 


i. 
100 130 


Time, HOURS 


Effe ct of rate of loading on creep of annealed «¢ op per 


at 300° F and of cold-drawn copper at 110 F. 


End of test 


Reduce 
tion of 
irea 


Plastic 
extension 


A. Annealed; rate of loading, 3,200 psi/hr 


1.03 


1,000 pei 


16.7 
33 
46.7 

61.1 


a; rate of loading, 5,333 psi/hr 


as cold- 


Tested into second stage 


drawn ,0-percent reduction of area 


Remarks 


Test stopped in second stage 

Test stopped in third stage 

Tested to complete fracture 
Do 


Test stopped in second stage 


Do 


Test stopped in third stage. 
Tested to complete fracture 
Tested into second stage 


Stress changed 


to 20,800 psi and test continued as 6A 


Test stopped in second stage 
Tested to complete fracture 


Do 
Do 


Stress changed 
to 46,330 psi and test continued as LA 


Tested to complete fracture 


rested stopped in third stage 


Tested to complete fracture 


Do. 


Test stopped in second stage. 
Tested to complete fracture 


Do 
Do 


Test stopped in second stage 
Tested to complete fracture 


Do 
Do 





Temperature unchanged throughout the test 


Final stress of 4,800 psi applied instantaneously 
Temperature unchanged throughout the test. 


Final stress of 3,660 psi applied instantaneously 
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* For prior thermal-mechanical history, see test 16 
» For prior thermal-mechanical history, see test 1 








Creep curves of this tvpe have been observed by 
rghoff and Mathewson [3] with single crystals of 
ss, and Cottrell and Aytekin [4] with single erys- 
s of zinc. The shape of the curve appears to 
licate a localized softening effect followed by a 
ain hardening that prevents further 
tension in that region. However, the remaining 
ions in which the hardening process has been not 
effective continue to extend at a rate suggestive of 
normal strain hardening-recovery process, which 
known to exist during the third stage. 
Although the resistance to creep and to fracture 
is significantly increased by cold-drawing, the 
ypper (as compared to the annealed condition ), the 
iperiority in these properties as exhibited in the 
iid-drawn condition was attended by a marked 
decrease in plastic extension at each temperature 


pre CESS 


ised in the creep tests 

The effects of rate of loading on creep behavior of 
ngot iron and on annealed copper have been pre- 
viously described [2, 1]. Additional data obtained 
on both annealed and cold-drawn copper are presented 
in figure 6 and table 2. The extension-time curves 
for the annealed specimens (fig. 6) indicate that, after 
an initial adjustment period (first stage) and at equal 
values of time, the creep rate at 300° IF was greater for 
the specimen loaded in the usual manner than for the 
specimen allowed to creep for 3,000 hr before the 
application of the same stress (20,800 psi). The 
extension-time curves obtained at 110° F on cold- 
drawh specimens indicate that the creep rate, for 
equal values of time, extensions at the beginning of 
third stage and at fracture were greater for the speci- 


mens loaded slowly than for the specimens loaded 
relatively fast to a stress of 46,330 psi; the time for 
initiation of third stage and to fracture was greater 
for the specimen loaded relatively rapidly 


the 
some of 


While the observations made on annealed 
specimens appear inconsistent with the 
previous results, they also serve to emphasize the 
importance of the rate of loading, together with 
temperature and strain rate on the mechanism of 
deformation of high-purity copper. 


3.2. Influence of Stress and Temperature on the 
Avefage Creep Rate in the Second Stage 


The relation between nominal * stress and creep 
rate (average in the second stage) at 110°, 250°, and 
100° F for both annealed and cold-drawn copper is 
shown by the curves of figure 7. The smooth curves 
onnecting the experimental values as plotted on a 
emilog basis (fig. 7) or on a log-log basis (not shown) 
re nonlinear. The sigmoidal curves obtained for 

me of the test conditions (110° F) indicate the 
existence of threshold stresses below which the result- 
ing creep rates are nil. At relatively high stresses, 
the rate of creep at each temperature increased 
markedly with a further increase in stress. 

Obviously the resistance to creep was materially 


creased by cold-drawing the copper 40-percent 


nominal stress is defined as the stress obtained by dividing the current 


the original area of the specimen 








Relation between nominal stress and creep rate at 


diffe rent lemperatures 


PiGuri 


reduction in area (fig. 7). This superiority of the 
copper in the initially cold-drawn condition increased 
as the test temperature was decreased Thus, pre- 
straining at a fast rate at room temperature (cold- 
drawing) improves the creep strength of high-purity 
copper, and this or other cold-working processes 
might be very useful in’ certain commercial 
applications. 

The greater resistance to creep of the cold-drawn 
copper ts still manifested even where comparison of 
the creep rates of the two initial conditions is made 
on the basis of equivalent‘ stress values (fig. 8) 
If the second-stage creep rates of the copper were 
independent of the prior strain history, similar or 
identical curves should be obtained at each test 
temperature for both the annealed and cold-drawn 
specimens. At each temperature, the strength of 
the cold-<drawn copper is superior to that of the 
annealed. 

Comparison of the performance of the copper also 
can be conveniently made on the basis of the true 
stress ° at the beginning of the third stage (table 2) 
Again, at each temperature, the stresses required to 
produce equivalent creep rates were greater for the 
cold-drawn than for the armealed condition. As will 
be shown later, however, the increase in creep resist- 
ance brought about by cold-drawing the copper was 
attended by an appreciable decrease in creep exten- 
sion at the operating temperatures. 
iding the current 


‘ Equivalent stress is defined as the stress obtained by d 
f 


load by the original area in the annealed condition (before cold -cdraw ing 
5 The true stress is defined as the stress obtained by dividing the current load 
by the current area of the specimen 
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Ficurr 8 Relation between equivalent nominal stress and 


creep rate at different te m peratures 


3.3. Variation in Creep Rate With Plastic Extension 
and Time 

A number of theories have been advanced to 
explain the relationship between extension and time 
during the first stage of creep. Among the pro- 
posals that have received considerable attention are 
those of Andrade [5] and Mott and Nabarro [6]. 
Andrade’s analysis postulates that in the transient 
portion of the creep curve (first stage) the strain 
varies linearly with the one-third power of the time. 
Application of this concept would require that all 
curves for metals and alloys in the transient region 
should have a slope of minus two-thirds when the 
logarithm of the creep rate is plotted against the 
logarithm of time Accordingly, the slope should 
be independent of test temperature and applied 
stress. Mott and Nabarro, however, developed a 
theory for exhaustion creep in which the strain was 
found to be proportional to a value dependent on 
the applied shear stress, absolute temperature to the 
two-thirds power, and the logarithm of the time to 
the two-thirds power. 

The relation between creep rate and time during 
the first stage of creep of the annealed and cold- 
drawn copper is shown in figure 9. The present 
results are consistent with those previously shown 
[1, 2, 7]. For any constant temperature used, the 
creep rate-time cycles are more evident at the lower 
than at higher stresses, and the slopes of the curves 
(as drawn through average values) tend to increase 
as the stress is increased. Obviously, the slopes of 
these curves are approximately equal only when the 
mechanisms of adceniion for the specimens under 
consideration are approximately equivalent. 

It has been suggested |1] that deformation during 
creep occurs by a discontinuous process. The rela- 














TIME , MINUTES 


Figure 9. Variation in creep rate in the first stage with tir 
at different temperatures and with different nominal stresses 


tionship between creep rate and plastic extension 
occurring during creep of the cold-drawn copper is 
shown in figures 10, 11, and 12. The magnitude of 
the creep rate-extension cycles is greater during the 
second stage than in either the first or third stage 
At constant temperature, moreover, the magnitude 
and frequency of occurrence of these cycles are 
decreased as the stress is raised. The rate of loading 
also affects the occurrence of these eveles, as is 
illustrated by the two curves in figure 10 for speci- 
mens tested at a stress of 46,330 psi. These results 
confirm qualitatively those previously presented for 
ingot iron, annealed copper, and cold-drawn alumi- 
num, and lends further credence to the belief that 
during second-stage creep there is a defay in the 
balance between strain hardening and recovery 


3.4. Effect of Creep Rate on Ductility 


Previous results [1] of creep tests made with 
annealed copper indicated that, in general, the 
extension at the beginning of the third stage in- 
creased with increase in creep rate (constant tem- 
perature) and with a decrease in temperature 
(constant creep rate). However, it was pointed 
out that the increase in values for extension at the 
beginning of the third stage approached a limi! 
bevond which the extension would not increase with 
an increase in creep rate or a decrease in test tem- 
perature. 

The relation between creep rate (average, second 
stage) and plastic extension at the beginning of the 
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Figure 12 Variation in creep rate of annealed copper with 
plastic extension at different lemperatures and different 
nominal stresses 
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Fiaure 13 Influence of creep rate on plastic extension at the 

beginning of the third stage of creep of cold-drawn copper at 


diffe rent te m peratures 


as affected by variations in both creep rates and in 
temperatures. That is, the balance between recovery 
and work-hardening of the initially cold-worked 
copper veried with the strain rate and test tempera- 
ture in the creep tests. In some recovery 
predominated, whereas in other cases work-hardening 
either predominated or just balanced the effect of 
recovery. 
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Ficaure 14. ZJnfluence of creep rate on ductility at fracture 
of annealed and cold-drawn copper at different temperatures, 


(ductility) of both the annealed and cold-drawn 
copper is shown in figure 14. Regardless of creep 
rate or temperature used, the plastic extension at 
fracture was significantly greater for the annealed 
than for the cold-drawn copper, but this superiority 
in ductility in creep of the annealed condition was 
not always maintained when comparisons were made 
of the reduction of area values; at equivalent creep 
rates and a test temperature of either 250° or 300° F, 
the values for reduction of area were nearly alike for 
both conditions. 

For the annealed copper, the values for plastic 
extension at fracture were of the same order of 
magnitude for all conditions used, except two tests 
made at 300° F. At this temperature, both the ex- 
tension and reduction of area increased appreciably 
with an increase in creep rate. At 116° F, variations 
in creep rates over the range investigated had no 
material effect on the reduction of area. 

For the cold-drawn copper, the trend was for the 
ductility at fracture to increase with an increase in 
creep rate at 250° and 300° F; the plastic extension 
at fracture did not materially change with an in- 
crease in creep rate from 20 to 80 percent per 1,000 
hr. At 110° F, variations in creep rate had no appre- 
ciable effect on the ductility. At equivalent creep 
rates, the trend was for the reduction of area to 
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Relation between true stress and strain at fracture 
lested at 


Fiaure 15, 
of annealed and cold-drawn 
different temperatures and creep rates 


cop pe r specimens 


increase as the test temperature was decreased, but 
no consistent relation was shown between the plastic 
extension at fracture and test temperature. 


3.5. Relation of True Stress’ to True Strain at 
Complete Fracture 


The effect of plastic deformation on the fracture 
stress of specimens tested at different temperatures 
and creep rates is shown in figure 15. At equal values 
for true-strain ® in creep at fracture, the true-stress 
values for the cold-drawn copper are higher than 
those for the annealed copper. The gradual change 
in slopes of the smooth curves representing the locus 
of fracture in creep under varying conditions of 
temperature and strain rate indicate that there is a 
gradual change in mode of deformation during creep 
leading to fracture and in the mode of fracture of 
both the annealed and cold-drawn copper. However, 
the fact that no single displacement of values will 
cause the two curves to coincide supports the belief 
that these characteristics are affected by the prior 
strain history of the copper. 


3.6. Influence of Strain History on Recovery 


The effect of prior strain history on the stress- 
strain characteristics of annealed copper during 
unloading at the same temperature at which the 
creep test was carried out, was discussed in a pre- 
vious paper [1]. Data obtained on additional 
specimens of annealed and of cold-drawn copper are 

¢ True strain at fracture is the value obtained by taking the natural logarithn 


the ratio of the initial cross-sectional area of the specimen prior to testing in cr 
to the cross-sectional area of the specimen at complete fracture. 
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umarized in figure 16. The change in total 
ension (elastic and plastic) after completely 
oading, Was a maximum for the annealed specimen 
irve 13) that was tested in creep with a stress of 
700 psi. at a temperature of 110° F to an extension 
ipproximately 40 percent The slope of the curves 
the two cold-drawn specimens (curves 5 and 9) 
~ nearly alike (except for the somewhat greater 
ntraction of specimen 9 upon the removal of the 
stress), but their slope was different from those 
tained for the annealed specimens (curves 13 and 
This difference indicates that the recovery 
havior of the high-purity copper is affected by its 
ior strain history . 


3.7. Influence of Strain Rate, Temperature, and 
Deformation on Hardness at Room Temperature 


rhe relation of hardness at room temperature and 
to the distance from the fractured 
110°, 250°, and 


duction of ares 
nd of specimens tested in creep at 


extension during unloading of 


copper 


Change in tota 


of annealed and cotd-drawn mnitially 


emperatures and stresses 
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4 -6 0.8 ° 
DISTANCE FROM FRACTURED SURFACE, INCHES 
RE 17. Effect of creep rate and distance from complete 
acture on reduction of area and hardness at room temperature 


f cold-drawn copper fractured at 110° F. 


300° F is given In figures 17, 18, 19, and 20. Pro- 
vided necking occurs, it is to be normally expected 
that the hardness induced by deforming the copper in 
creep would attain a maximum in the vicinity of 
fracture (place of maximum deformation) and to 
decrease as the distance in the necked region is 
increased from the fractured surface The present 
results, however, similar to those obtained pre- 
viously [2], show that the hardness-distance from 
fracture curves and the propensity for the copper 
specimens to neck varied with the testing conditions 
(prior strain and mechanical history, strain rate, and 
temperature). Thus the maximum value for hard- 
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me 


Ficure 20 and distance 


from com plete 


Effect of te m perature, 
on reduction of area and hardness at 


creep rate 
fracture 


room temperature of annealed copper 


ness obtained in one or more specimens comprising 
each of the three series of cold-drawn copper (figs. 17, 
18, and 19, respectively) was not at its fractured 
surface. In general, the degree of necking increased 
with an increase in creep rate and with a decrease in 
temperature (fig. 22). 

For annealed copper (fig 20), the hardness at room 
temperature was a maximum in the vicinity of the 
fracture of a specimen tested in creep at 110° F, but 
no material difference in hardness with distance from 
the facture end was obtained in a specimen tested at 
300° F. Both of these specimens showed appreciable 
necking. 

The change in hardness at room temperature with 
deformation (reduction of area) as affected by creep 
rate and temperature is illustrated in figure 21. 
The general trend was for the induced hardness to 
increase with creep rate and decrease in temperature. 


3.8. Metallography 


The influence of creep rate, temperature, and 
deformation on the structural and fracture character- 
istics of the initially cold-drawn copper is illustrated 
by representative photomicrographs reproduced in 
figures 23 to 27. The grains were elongated in the 
direction of drawing (figs. 23, A, and 26, A), and the 
elongated grains were further elongated during creep 
(fig. 23) in the direction of the applied stress; the 
degree of elongation varied with the test conditions 
as fast rates and low temperatures both favored this 
condition, 

The fractures were predominantly transcrystalline 
in all specimens fractured in creep (fig. 23), although 
some intercrystalline cracking occurred at the de- 
formation corresponding to the beginning of the third 
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Fieuvre 21 Effect of plastic deformation at different Lem pe 
atures and creep rates on hardness at room te m perature 


stage in a specimen tested at 300° F with a creep 
rate of 18.5%/1,000 hr (fig. 24, F). A general dis- 
integration is evident even at the beginning of the 
third stage in this latter specimen, whereas cracks 
of microscopic dimensions in specimens tested at 
110° or 250° F were confined principally to the vi- 
cinity of complete fracture. Thus, the beginning of 
the third stage of creep was attended by cracks of 
microscopic dimensions (fig. 24, F), but the presence 
of such cracks was not a prerequisite for the initiation 
of the third stage of creep in the initially cold-drawn 
copper (fig. 24, E). The evidence thus indicates 
that under slow creep rates cracks are nucleated at 
various sites in the vicinity of the axis of the speci- 
men, and as the test continues these cracks grow 
and subsequently join (fig. 24, D) to form the main 
path of the complete fracture. In creep tests made 
at relatively high rates and low temperatures, crack- 
ing appears to be initiated solely at or near the axis 
of the specimen, and these cracks grow and extend 
outward to the periphery and the final fracture ts 
that of the “rim.” As the rim is the final section to 
fracture, the “flow lines” formed during the progress 
of the fracture follow the contour of the rim (figs 
24, B, and 25, A). The formation of a “neck” and 
the accompanying rim is accentuated by fast creep 
rates and low temperatures (fig. 22). Hence, the 
abnormal fracture stress often reported for high 
purity copper can be attributed partly to this chat 
acteristic. When appreciable necking occurs, the 


fracture is predominantly transerystalline (fig. 23 


The parent grains of the cold-worked copper (fg- 
26, A) were also broken down during creep to sub 
crystals whose occurrence, size, and dimensions varied 
with the test conditions of temperature (fig. 26 
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creep rate (fig. 27, A, and B) and deformation (fig 
C,and D). In some cases, only a portion of the 
parent grain broke down into suberystals (fig. 27, B), 
ind in other grains no suberystals were observed 
fig. 26, D). The general trend was for the size of 
hese suberystals to increase with the test tempera- 
ire and deformation and with decrease in creep rate. 
ror like test conditions, apparently the size of the 
iberystals was appreciably sinaller for initially cold- 
rawn than for the annealed copper. This condition 
* believed to be the result of the 40-percent reduc- 
on by cold-drawing prior to testing in creep. 
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4. Summary 
Creep tests in tension were made at 250 
and 300°F on OFHC copper initially as bright 
annealed and as cold-drawn 40-percent reduction of 
area. Microscopic examination and hardness tests 
at room temperature were made to ascertain some 
of the damaging effects due to prior creep 
The period of time to initiate the third stage of 
creep and fracture of cold-drawn copper increased 
with decrease in stress (constant 


110 


temperature) or 


with decrease in temperature (constant rate, average 
in second stage). 





initially as cold-drawn 40-percent reduction of area and structures at fracture of specimen 


tested at different temperatures and rates 


Fieure 23 Structure of copper 


Longitudinal sections etched in equal parts NH,OH and H,)O, 
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24 Effect of temperature, rate 


» and plastic de for mation on microcracking of copper initially as cold drau n 
percent reduction of area 


’ 


Longitudinal sections near axis of specimen except as indicated, etched in equal parts NH,OH and H,O 


Test 


Remarks 
Pemperature Creep rate 


WO hr 
19.7 Structure at fracture 
17 Same specimen as A; structure at ‘rim’ surface 
Structure 0.05 in. from complete fracture 
Deo 
Structure corresponding to deformation at beginning of third stage 
Do 





parts NHLVOH and Hyd 
cn, 4 parts nitrie 


mperature and rate on structure of copper initially as annealed 


cid (cone und 2 parts ethylene glycol 


Remarks 


< 100; structure at “rim” of fractured surface 
~ hoo a) 16,000 pest for 3,000 hr b 
22 percent extension 


<7), same specimen as B; longitudinal section 


20.800 psi for 193 hr; structure at 


7%); same specimen as B; transverse section 
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Longitudinal section C and transverse section D etched in 
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E fleet of testing conditions on the structure of copper initially as cold-drawn ,0-percent reduction 


Longitudinal sections etehed in parts glacial acetic acid, 4.5 parts nitric acid (conc md 2 parts ethylene glycol, X7%) 


As cold-drawn 4-percent reduction of area 
Structure near axis of specimen 0.1 in. from « 
le 
Do 

















Ficure 27 Effect of testing conditions and plastic deformation on structure of copper initially as cold-drawn 40-percent 
reduction of area 


Longitudinal sections etched in parts glacial acetic acid, 4.5 parts nitric acid (cone.), and 2 parts ethylene glycol 


Remarks 


Pemperature Creop rate 


Structure at axis 0.1 in. from position of comple te lracture 
Do 
Same specimen as A; structure at axis 0.2 in. from position of con 
plete fracture 
Structure at axis 0.2 in. from position of complete fracture 


286 








The effect of rate of loading on creep characteristics 
influenced by the prior thermal-mechanical 
tory of the copper 
he resistance to creep at all the temperatures 
(| was increased by cold-drawing the copper prior 
This superiority in 
evident at relatively low than at high 
peratures and ereep Plastic extension 
the beginning of the third stage and at fracture 
vreater for the annealed than for the cold-drawn 
wer, but the reduction of area values at fracture 






testing creep properties 
more 


rates 


re similar 
Conformance to. existing transient 
y (first stage) was found only in a limited number 
cases, as the form of the extension-time curve in 
first stage of creep was dependent on the applied 
ess and the test temperature 
Discontinuous flow was evidenced in each of the 
wes of creep and was found to be dependent on 
he test conditions, prior thermal-mechanical history, 
d stage of test 
he general trend was for the fracture stress to 
rease as the true strain at fracture increased 
Fracture stress at equal strain value was materially 
nereased by prior cold-drawing 
Increase in creep rate or decrease in test tempera- 
ire generally caused an increase in hardness at room 
lemperature 
The degree of necking; the tendency toward the 
formation of a rim at fracture; the tendeney toward 
transerystalline separation of the parent grains; 
the absence of cracks in away from com- 
plete fracture; the number and prominence of strain 
and the tendeney toward formation of 
f smaller size as a result of plastic 


theories of 





regions 


ek eeneall 


markings ; 


bervystals 














deformation; all increase with decrease in test 
temperature or inerease in creep 

Cold-drawing prior to the creep test appears to 
alter the region in which transervstalline fracture 
occurs. That is, transerystalline fracture predomi 
nates at higher temperatures and lower creep rates 
for the cold-drawn than for the annealed copper 
Furthermore, for similar test conditions, the 
and number of subervstals evident in the grains 
after the creep tests are decreased by cold-drawing 


the copper prior to testing in creep 


rate 


SIZ 


The authors are indebted to C. R. Johnsen for 


assistance in this investigation 
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Tables of the Functions 


-gsin'*’ x dx and (4/3) sin *°+] sin’*® x dx 
0 


Milton Abramowitz 


This article concerns 


functions sin 


itself 


rdrand 4/3 sin~* | sin'’ rad 


with the tabulation of the 


. which are 


important in the theory of condensation of vapor at rest on 


eviindrie surfaces rhe 


function is given, and certain functional 


interpolation are mentioned 


for the latter 
relations useful for 
interpolation 


eXpansion 


Instructions for 


with Lagrangian interpolations are given for the user 


This article concerns itself with the tabulation of 
the functions 


1,(¢) sin rdg. o ) yoo (1) 


O°BO0)TSO°, 


/ (®) (4/3) sin : rr) sin rdg, re) 


~ 


which are important in the theory of condensation 
of vapor at rest on evlindric surfaces 
The integral /,\(¢) may be expressed in terms of 


the Incomplete Beta function, namely /,(@) 
+B az 5 (%, L) However, the existing tables of the 


Incomplete Beta function are not convenient for 
interpolation 


When = r/2, we have 


*#/2 (2/3)1(3/2) 
/, 90 sin rdu —_———— 
0 (4 6) 
1.2935 5478 (to 8 decimals) (3) 
Integrating by parts, one obtains for /,(¢) the 


expression 


14¢)—see 6[ 11 (;5) tan’ 641.8 (5) (ig )tan' 
8.510 )( ie )( a0 )ean'e 


where #&, is the remainder after nx terms and is given 
by 


+R, 


nQn—1 or 9 
R ( 1)"3 aS ea ot a 1)} 
; 10.16.22. . (6n—2) 
*» 
-[cos @ sin~*® @] tan*" x sin’ rdz. 
J0 
L. M. K. Boelter and others, Heat transfer notes (Univ. California Press, 


Berkeley, Calif, 1948 


M. Jakob, Heat transfer 1 1949 


John Wiley & Sons, Inc., New York, N. Y 
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It may be shown that if » the resulting 
infinite series converges for @<7 4 When o< r4 
the convergence follows from the ordinary rati 
test and when @=24 by application of Raabe's 
test since 
lima’ l l : | 76, where [ 

1.3.3 on 33 
10.16 (6n—2) 
Furthermore, it isclearthat 2, —>+0 as n-—-@ ; sine 
e/4 
R,| <(2n—1)\U’,| cos @ sin o| tan®" rda 
v1 gar 
(2n 1) 7 cos 6 sin o dt 
Jo 1+ 
(setting tan J t), and therefore 
R, (2n Lyd cos 6 sin o "dt 
e uo 
l ,» Cos osin . 
Thus if 0< @< 2/4, R,-—-0, since |1 ‘0; establish 


ing the fact that (4) represents /,(@) for 0< <4 4 
The function J,(¢) has been tabulated only in the 

range from 0° to 90°, since the values for 90° <¢# 

180° may be obtained from the relation 

i ISO @) ) 


I (@)=27,(90°) 


The corresponding relation for /,(@) is 


1(o)=21,(90°) sin~“? ¢—I.(180° —¢) 


The table of J,(@) in the range from 0° to 20° was 
obtained with the aid of the expression for J.(¢ 
given in (4) and multiplication by the fa 
(3/4)sin *“¢. From 20° to 90° the values were obtained 
by numerical integration. The function J,(@) in the 

| range from 20° to 90° was obtained from the pre- 


| . a 
| viously computed values of J;(¢) and multiplication 
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he factor (4/3) sin o The values at intervals 
0’ were obtained by interpolation. The relation 
was then emploved to extend the table to 180 
\j lhe following information has been given so that 
: erpolation with tables of Lagrangian interpolation 
ficients * will yield the full aecuracy provided by 
table 
In the case of J,(¢) in the range from 0° to 15° it 
be advisable to interpolate in the table of 1,.(@) 
multiply by (3/4) sin’” @. From 15° to 90° the 
point Lagrangian interpolation formula will be 
quate In the case of /i(@ the three-point 
rangian formula may be used from 0° to 15°, the 
r-point formula from 15° to 30°, the five-point 





























mula from 30° to 135°, and the six-point formula 
mm 155° to 166 In the range from 165° to 180 
relation (6) given above should be used, 
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Separation of Close Eigenvalues af a Real Symmetric 


Matrix’ 
J. B. Rosser, C. Lanczos, M. R. Hestenes, and W. Karush 


In order to test two methods, one proposed by ( 
Karush, for the numerical calculation of eigenvalues of symmetric matrices 
has several 


Hestenes and W 
an 8 by 8 matrix is constructed that 


Lanczos and the other by M. R 


The 


sets of eigenvalues close towether 


application of the two methods to this test matrix is described, and in addition, a third method 


for dealing with such problems is proposed 


In recent publications ** two methods have been 
proposed for finding eigenvalues of real symmetric 
matrices. In order to make a numerical comparison 
between the methods, an 8 by 8 matrix was especially 
designed (see appendix 1) and the two methods were 
ised independently to get all eight eigenvalues and 
eigenvectors of the matrix. In order that the test 
be a severe one, the matrix was designed with several 
sets of eigenvalues very close together. In order to 
separate these eigenvalues, special modifications of 
the two methods were developed for the separation 
of close eigenvalues (see appendixes 2 and 3). 

The method of Lanczos (see footnote 2 and ap- 
pendix 2) seems best adapted for use by a hand com- 
puter using a desk computing machine. In_ the 
present case, the computation according to Lanczos’ 
method was carried out by a hand computer, and 
required of the order of 100 hours computing time 

The method of Hestenes and Karush (see footnote 

and appendix 3) seems best adapted for use by 
machine computation. tn the present the 
computation according to the method of Hestenes 
and Karush was carried out on an IBM Card-Pro- 
gramed Electronic Calculator. Considerable time 
was spent by Karush in becoming familiar with the 
machine, so that it is difficult to say just how long 
the computation would require of an experienced 
operator. Probably 3 or 4 days would be ample. 

During and since the computations described 
above, there has been much discussion of the problem 
of separating close eigenvalues of a real symmetric 
matrix. Besides the methods offered in appendices 2 
and 3, we wish to offer the following modifications of 
the familiar power method 

First let us consider the case where only the 
numerically largest eigenvalue, \,, and the corre- 
sponding eigenvector, 7,,of a matrix A are desired. 
We may assume \, to be positive, since otherwise we 
Lreat A. 

Suppose Aj, \, are the eigenvalues of A 
in decreasing order, and m,. . . , & are the corre- 
sponding eigenvectors. If no other eigenvalue is near 
\;, one can find \; and x», by the standard power 
method. In order to be able to compare the modi- 


case, 


rhe preparation of this paper was sponsored (in part) by the Office of Naval 
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Lanczos, An iteration method for the solution of the eigenvalue problem of 
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fications for the case where another eigenvalue is 
near \,, we review the power method 

First, one chooses a vectors, This has a represen- 
tation 


zr C,O, Teele tT . . - Tgla, 


but as vet we do not know the e’s or v's. By itera- 
tions of the step of operating on a veetor with a 
matrix, we form Az, A*®r, A®r, The represen- 
tation of A*r Is 


AN z= dF 014+ Cad) 0: i ©... 


If ¢, #0 (which is the case except in very extra- 
ordinary circumstances), then for sufficiently large 
N, er will be much greater than ¢A‘ (¢>1), 
since Ay >|A, (>1). Thus A’ ez is nearly a multiple 
of vx, By normalizing in the desired fashion, an 
approximation (of any desired degree of accuracy) 
for 7, is obtained, from which an approximation to 
, can be obtained 

In case A»—A,, anv linear combination of 7, and 7, 
will serve perfectly well as an eigenvector corre- 
sponding to \,. The power method just outlined 
will vield a linear combination of 7, and 7 in such a 
case, and so no difficulty arises 

Suppose ), is nearly as great as \,, but all other X's 
are appreciably smaller. Then one will have to take 
N excessively large before ed} is small compared to 
od). Two possible procedures for curtailing the 
labor are as follows 

In the first, we take N large enough so that ¢,A} ts 
small compared to eA! or eA} for + >2. Then 
approximately, 


A*z 


Choose two vectors y and 


Ci XY 01+ C2d9 U2. 
Put 
ag,=(y, A* 
@.,=(2z,A* */-'2z), 


where (u,v) denotes the inner product of the vectors 
u and v. Then A, and d» are the two roots of the 
quadratic equation 
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To prove this, write 


h ey 

c=(yeod 

d Cor 
Then 
| a a l l l | 0 0 
\ a a \ A \ 0 a i) 
r TP a \ \ \ 0 ( d 
Then clearly the determinant is zero whenever 


so that A; and Ay are roots of (1) 

are all 
This can happen if y= Ay, or ¢, <0, or 0, 
are not independ- 
this is the 


A=A, or A= Ag, 

In exceptional cases, the coefficients of (1) 
zero 
or in case the projections of y and 
ent on the subspace spanned by 7, and 
case where 


and can generally be treated by merely choosing a 
different y and 2) 

The case where Ay, A», and Ay are all nearly equal 
but the remaining \’s are small can be handled 
similarly, and leads to a third-degree equation defined 
by a fourth-order determinant 

Returning to the case where \; and d») are nearly 
equal, and other \’s are smaller, an alternative pro- 
cedure makes use of Chebyshev polynomials. Sup- 
pose that a sufficiently high value of N has been 
used in order to establish that there are one or more 
roots in the vicinity of some value « (which is ap- 
proximately \,, and hence also approximately Ag, 
since \, and dy are nearly equal), and that the other 
roots are appreciably less than » in absolute value 
In particular, uw is a lower bound for the roots 
Now instead of taking powers of A, we take powers 
of a polynomial in A, noting that 

P(A))* a e(PO,)))* ev r P(X, ))* v 
If now we choose P(A) so that P(A.) and P(A.) are 
near 1, and /(\) has a large slope in the neighbor- 
hood of A; and A, then P(A,) and P(A.) will have a 
ratio appreciably less than A,/\., and hence powers 
of P(A) will eliminate 7, relative to r, faster than 
powers of A 

We first apply A enough times to eliminate all ¢’s 
except 7; and r, and then apply P(A). In order to 
insure that ?CA) does not bring back the v's already 
eliminated, it suffices that |P(A)| <1 for—u<dA<uy. 
To do this and simlutaneously maximize the slope 
of P(\) at A\—u for P(A) a polynomial! of degree M, 
it suffices to take 
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P.)=T wu ( . ), 


where 7'y is the Chebyshev polynomial of degree M/ 

Actually, it mav be more efficient to use differe) 
polvnomials at different stages in the proceeding 
The optimum choices of the polynomials will deper 
on the distribution of the \’s, naturally As this j 
not known ahead of time in a given case, one mu 
depend on oa combination of experience and ale 
improvisation to get a good choice of polynomial 

We now turn to the case where one wishes to fin 
all eigenvalues and eigenvectors. If any sort of fa 
computing machinery is available, one can probab 
proceed best by a combination of the power method 
plus orthogonalization on the eigenvectors alread 
known. In particular, suppose \, and 7; are known 
We can start with « and orthogonalize it with respe 
tor That is, we replace r by 


For the resulting vector, we have ¢,—0. Hence, if 
we apply powers of A to it, we get the eigenvector 
corresponding to the eigenvalue next greatest after 
\, Inabsolute value. Unfortunately, since we do not 
know 7, exactly, we cannot in general determin 
to be exactly orthogonal to 7;, and so cannot insure 
¢,=0. We thus face the possibility that ¢A) may 
again be large. If, however, we orthogonalize with 
respect to pv from time to time, we repeatedly cut 
down the size of cr. On a fast machine, orthog 
onalization is a quick procedure, and it is probably 
worthwhile to alternate the steps of orthogonalization 
and operating with A 

If \, and Ay and 7, and v are known, one orthogonal- 
izes with respect to both 7; and ry between each time 
that one operates with A 

If at any point in the procedure, one encounters 
two close eigenvalues, one Is trving to find the largest 
unknown eigenvalue, and so can apply the methods 
noted above (which are not disturbed by the frequent 
orthogonalizations). However, now that one plans 
to find all eigenvalues, alternative quicker methods 
are available for separation of close eigenvalues, 
depending upon knowing all other eigenvalues and 
eigenvectors. For example, suppose A has eigen- 
values 1, 2, 2.95, 3.05, 4, and 5. Suecessively getting 
the largest eigenvalue twice by the power method 
plus orthogonalization, we readily get the eigen 
values 5 and 4, and their eigenvectors. We now 
discover that there are troubles in the neighborhood 
of 3. Essentially, we “postpone” treatment of this 
point by putting B=3/J—A. Then the eigenvalues 
1, 2, 2.95, 3.05 of A lead to the eigenvalues 2, | 
0.05, —0.05 of B. Going now for the largest eigen 
values of B, we quickly get 2 and 1. We now have 
all eigenvalues and eigenvectors of A except 2.95 
and 3.05 and their eigenvectors. Also we now know 
that there are just two remaining eigenvalues, and 
that both are near 3. We now consider C= A—2.9/ 
This has eigenvalues 0.05 and 0.15, and the pow: 


*G. Pélva and G. Saeed, Aufgaben und Lehrsiitze aus der Analysis 11, | 
(Dover Publications, New York Y., 1945 


































































thod plus orthogonalization quickly gives the 102 I 
102 
ver of these \ 
, . » l 102 
This method will run tnto difficulties if there are 
vo pairs of close eigenvalues. An alternative pro- 101 
lure that will take care even of this case is the Ole 
= uo 
lowing. Suppose we have eigenvalues Ay =—5 ' lof 
1.05, Ag=3.95, Ay—3, Ay —2.05, MBy—1.95, and ' 10 
We quickly find A; and ¢ Trving for \.. we S14 y(5l | 
trouble. By starting with some vs and alter- 10 101 
tely orthogonalizing with respect to 7, and oper- on 14 
ing with «4, we keep ep, out, and eventually elimi- 100.0 
te ry ry, and v-. We now have a certain linear 4 2 
, : ri» and vr, which we : ‘ ’ 
mbination of . d hi h : mas aS well Ihe approximate tl mnerical value of these aaght eigenvalues 
f lu We now repeat the procedure, except for written in descending order are 
iting with a different +. We then get a uy that : 
: . 102. 005 
also a linear combination of ry and ey. Except in 102. 000 
he most extraordinarily unfortunate cases, uv, will 101. 990 
independent of u One can insure this inde- 100. 000 
endence by orthogonalizing with respect tou 100. 000 
‘ , 0. O10 
hroughout the computation of u Hlowever, it is a 000 
earcely worth while, except perhaps in the choice of 102. 005 
tte initial J 
One eigenvalue namely LOO, is exactly repeated Dhese 


Since vu, and wy are independent linear combina- 
tions of e and rs, it follows that a vector is orthogonal 
to both of vr and ry if and only if it is orthogonal to 


2 bv 2 matrices were then mixed together into an S by S 
matrix as follows 


both olu and u“ To find Ay and “y, Wwe would wish 102 0 ad ° ° ? ° 
o orthogonalize with respect to all of 7, ¢,, We oO 101 0 0 0 0 0 I 
can get the same effect if we instead orthogonalize o a on a a 0 4 0 
vith respect to (), Uo, and u this is most conven- 

iently done if wy is taken orthogonal to uw). Thus 0 0 0 l 10 0 0 0 
ye can now proceed to wet A, and 4, although we do 0 0 0 ih 1oOl 0 0 0 
not vet know Xs, Ag, fe, or 7 We again encounter 

difficulty with es, and vr, because A, and Ay are near 0 a ° 0 -s ? ° 
together However, we can get a us and a u,, which 0 0 14 0 0 0 2 0 
will suffice to let us obtain A; and v Now, by 0 | 0 0 0 0 0 101 


orthogonalizing with respect tO TT), Uy, Us, Ue, and MP, 
we can readily separate dh and rs by working with Femporarily call this matrix Ro and let P? denote 








powers of A—3.97. Then we get A; and Ay by work- 9 1 ’ 2 0 0 0 0 
ing with powers of A L.o] 
l 2 2 | 0 0 0 0 
Appendix 1. Construction of a Test Matrix 1 2 2 0 0 0 0 
In order to get eigenvalues very close together without 2 I | 2 0 0 0 0 
ng many significant digits in the coefficients, it seemed 0 0 0 0 , \ 9 » 
cessary to use irrational numbers Accordingly, a search 
~ made for 2 by 2 symmetric matrices with eigenvalues, | 0 0 0 0 1 l 2 2 
‘ me of which were near together We decided on the fol 
q ving four, where the eigenvalues are written to the maght 0 0 0 1] 2 2 l l 
i the matrices 
a 0 0 0 0 2 2 I I 
The two 4 by 4 matrices occurring in the corners of P? were made by a scheme due to Sylvester with the result that P 
i ‘ property 
PTP—101 
ise PT to denote the transpose of P We then defined A to be PTR P. The matrix A is then 
611 16, 192 107 S 52 iv 20 
106 g00 113 102 71 3 be! 14 
f 12 113 Suu 106 61 iD s 52 
107 192 106 611 S 14 au 23 
Ss 71 Hl Ss H11 50a 20 208 
52 3 "0 14 504 Hil 208 208 
a Ss Ss 59 208 208 Qu Olt 
20 14 52 23 208 208 oll wn 
M History of determinants UM, 289 (Macmiilan and Co., Ltd., London, 1920 
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with the eigenvalues and eigenvectors 


Ay 10, 10405 1020.04901843 

' 2, 1, 1, 2, 102- , 10405, 102-— , 10405, 204 + 2, 10405, 
SS 0.004901843 0.00490 1843, 0.0090S03686, 0.0 

\» — 1020 

ty , 2, ee 2, 1 I 

Ay SLO + 1004 26 101990195136 

t 2, * 2, y 26, 5 y 26, 10 — 2, 26, 10+ 2) 26 
2, 1,1 2 10.009001951 1O.0090195 1, 20. 19803003 

Ae= dD 1000 

7 l 2 - Be 2,2 & Fi 

' 7, 14 4 7 2 2 I l 

Ae SLO 1L00y 26 0.09804864072 

te (2 1,1 2,5 \26, —54 y26, — 10+ 2, 26, 10— 2, 26 
2 11 2 0.099019514, 0.099019514, 0.198039027, 

17 =O0 

' * 2 1, 14, 14, 7, 7 

Ns 10, 10405 1020.04901843 

ts 2, 1, 1, 2, 1024+ 4 10405, 102+ , 10405, 204 2, 10405, 


2. 1. 1, 2, 204.0049018, 204.0049018, 108.0008037 


starting with 


Appendix 2. Determination of the Char- 
acteristic Roots in the Method of Lanczos 


ef. footnote 2) leads 


of orthogonal vectors 


rhe method of minimized iterations 


to the construction of a successive set 


and ending with p,(u 


bo, by, ~ = (1) 


Keach iteration is associated 
they become the pivotal elements 


starting with the trial vector } 
with two scalars a; and 8, 
of the eigenvalue problem r 
If the vectors (1) are introduced as an auxiliary reference | 
system, the original matrix A is transformed into the following 
“eodiagonal”’ form (omitting the 


vield the n eigenvalues 


» 


The matrix | 
zero elements 


symmetrize the matrix 


( «xp 


8 


If the original matrix 


aS posit ive 
The normfactors 











. 5 @a-id 


" |} are now expressible in 
| original trial vector by 
Che solution of the principal axis problem requires the | w—= 1—we obtain 


construction of a set of polynomials p,(z) on the basis of the 


recurrence relations 





(3) f 


The matrix A, i 
normalized 


p 


The g 


of the present report corresponds to the g of the reference cited in 
foot note 
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) is not symmetric because the vectors } 
not normalized in length 


positive and the y, all real. 






204 


2, 10405 


YOSO3086 








_ 20.19803903 


0. 198039027 


204 2, 10405 


108 0008037 


Pot) l 
Pils I a 
The roots of the algebraic equatio 
Palt 0 { 
hyd A, j 


are 











In order to normalize 6; and t! 
we introduce the quantities 





C, 








vi Vay 








svmmetric, then the 8; are a 
The sign of the y, shall be taken 












vb 








terms of the 4 Assuming that 












was chosen of the length 1-—that : 
| 
a, 172 o « Va 5 : 
: 
7 





the reference system of 

















following svmmmetric form 

















aid 


e quantities a, and 8,, the method of mini- 
| iterations, contain the entire solution of the eigenvalue 
The eigenvalues are contained in the solution of 


L Yn 


obtained by 








eth 
ilgebraic equation (4 while the components of the 
vector u,, analyzed in the b-system, become 
Pe(Ay), PAD, Pp d.) 11) 
ve construct the matrix 
(p Ny), pala p A) 
P (12) 
\ De Ln) p \ . p r, 
the matrix product 
PB 13) 
[ ere Bis the matrix of the 6,, gives the matrix of the eigen- 
f or ‘ associated with the original matrix A 
The orthogonality of the eigenvectors u, finds expression 
e following relation 
< L Pal Ay) PalA 
14 0 (a) 14 
a—t BOB. 3. ¢ 
a=! ' 
In the given test-mMatrix a preliminary investigation of the 
’ itrix revealed that the largest eigenvalue is of the order of 
} agnitude + 1000. Hence all the elements of A were divided 
1000, thus obtaining a new matrix 
j \ 
i to= 7000’ 
FY ose largest eigenvalue was of the order + 1 
; he trial vector bp Was chosen to be 
Sc. Ge...,8 
en the method of minimized iterations was applied, obtain- 
the B matrix by putting the components of the vectors 
Y , ba) in sueceessive rows. Each one of these vectors 
ws corrected during the process of generation to become 
tly orthogonal to the previous vectors Hence 6, must 
me out as identically zero, in spite of rounding errors 
! associated a, and 8,, together with the »¥, ,4,, are tabu- 
1 as follows 
: i a B ‘ 
- ( Oo S00 
: ! LON 20S 0 o98eaY 0. SLISSSSO) 


(GOSSTITS1 
W451 1054 


(i051 7U48848 
sO8NUT7 LG 





‘ (MORASS LAS LT O5 204081 44077 OOLMSITITI25 
1. O1608839075 O02 1009708 OM 1214161 
‘ 1 O1G01 10TOR (P1O7TO421101 (M327 17 20085. 


ELLE LIS 0 (PRION TOIS 


TOMAS IOT TY 
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We will now discuss the problem of obtaining the roots of 
the algebraic equation (4) Our procedure will be to obtain 
a good first approximation and then improve this approxima 
tion to the full accuracy obtainable by 10 digit calculations.’ 

The separation of nearly equal roots is frequently a rather 
cumbersome task In the present method the existence of 
nearly equal roots is an asset rather than a liability Phe 
orthogonality relation (14) shows that exactly equal or nearly 
equal roots are only possible under singular conditions. If 
none of the 8, are small, then A, and A, cannot be essentially 
equal since a sum of all positive terms cannot vanish. If, on 
the other hand, a certain 8, is zero or very small, this means 
that the polynomial p,(2) separates into the product of two 
independent polynomials of lower order, which greatly sim 
plifies the evaluation of the roots 

The given numerical example is well adapted to demon 
strate the behavior of equal or nearly equal roots. Since 
nearly equal roots operate as practically one root in the sue 
cessive reduction of the trial vector bo, we will obtain a very 
small b,, already after m steps, where m is the number of es 
sentially different In the present problem we have 
three essentially different roots Owing to an accidental 
degeneracy, only two of these roots were strongly represented 
in hy Hence 8. is already small The remaining vector 
again contained essentially but two roots, and thus 8, is again 
small Furthermore, we notice that 8. is very small and 8, 
almost negligible 

Indeed, the fact that two roots of the given problem coincide 


roots 


only 


has the consequence that by should get reduced to zero in 
already seven steps, thus making 8; eractly zero That 8 
is not exactly zero, but only to 0% decimal places, is due to 
rounding errors 

The associated a should give the double root A l \c 
tually 


a 1. QOOOOO0030 


is a very close approximation of the exact root 
We also notice that already 8, is very small, although 
times larger than @ The associated 


ap 1. OL99LLO708 
is a close approximation of another of the nearly equal roots, 
namely 
A= LOLNOOLO5TA 
These specific properties of the 8, have the 
that the original equation of Sth order separates into equation 
of the order 


COnSeG UeTICe 


This vields eight approximate roots of our problem, without 
solving equations of higher than second order 

The question is now, how to improve the accuracy of these 
approximations. The application of Newton's for 
correcting a root is here out of question since we cannot con 
struct the actual polynomial ps(z) without such 
errors, Which completely annihilate the desired 
We can construct the successive polynomials p,(d) any 
given X by the recurrence relations (2), but for arbitrary d 
the coefficients of the final polynomial are marred by intol- 
erably large errors 

The following perturbation method has quick convergence 
and operates numerically very satisfactorily Let us assume 
that we possess a vector y, which approximates the 
of the eigenvalue problem 


method 


rounding 
ACCUrACY 
tor 


15) 


Then 


» 16) 


is a very satisfactory approximation of a certain A,, because 
an error of first order in y causes an error of only second order 


nA 


This means 10 decimal places if the largest eigenvalue normalized to 1 
The absolutely smnallest eigenvalue may be zero or arbitrarily near to zero rhis 
zero, however, cannot be ascertained to more than 10 decimal place The 
relatire accuracy of the smallest eigenvalue may thus become arbitrarily bad 













We will apply tl principle to our problem the following ij on 


SE Let us a me that Ais an approximate root of the y / / / ? / Pu.) 




























polvoomial p \ We now construct § the components of 





the vector y by evaluating the following re rrent sequence / pu / pu 
J | Che error occurs in the :th equation and we obtai 
, / — ’ 4 Pu ' 
" N= =a 
Lua 
“9 , rhe entire process can now be repeated, by repla 
bv the mew A This process had such good convergence 
I x 
after two steps the error was already pushed out beyor 
. 10th decimal place The entire set of A, was thus obta 


with relatively little difficulty and without involve 
culations 

After obtaining the A,, the 7? matrix was obtained | 
cursions. Finally, the product 7? gave the matrix 





—_ ’ . the eigenvectors u, his matrix was then normaliz 
‘ dis iding each row by the sapuiare root of the sum of the “( 
of the elements of each row 
= i7 The resultant normalized matrix (°° was now test: 
. , P 4 orthogonality and for its eigenvector property { 
Phe vector exact conditions we should get 
/ Jo UV »v IS 
uM, 0 eh 
’ 

taken in the reference svstem of the 6 atisties the equation i, Aw 0 wh 

ly—Ay=0 Actually, in view of the rounding errors, we do not ge 


on the right side but two symmetric matrices 
in all its components except the fast one, where we get 






















= » » ' 
lu Ay / and 
He hee . 
» o oa - 
iAy AY yay composed of stnall elements We use these Prk and @ qiist 
Substitution in (16) gives tities to correct our solution We evaluat 
ao \,p ¥ 
Ax) — 20s ‘ us 
vy? \ \ 
In view of the extreme closeness of some of the eigenva 
Actually it is entirely accidental that the equation where the denominator of (26) becomes small for some 7, &, and the 
the error occurs shall be the /ast one We can start our corresponding e,, not negligible We now form the matrix / 
recurrences from both ends of the matrix and Jom the two composed of the non negligible elements ™ while the diagona 
sets at an arbitrary point The error will then occur in elements and the negligible «4 are replaced by zero Ihe 
the ith rather than the last equation corrected (7 matrix becomes 
Now the correction of the error of \ will be most effective ioe 
M if the error of the equation (15) appears in that particular l l El 27 
component + that is associated with the absolutely largest y, 
We designate this particular y, and add to the sequence (17) | The rows of the corrected matrix give us the proper « 
. another sequence that starts from the other end and proceeds | vectors with an accuracy of six decimal places rhe ) 
in opposite direction evaluated from these vectors, agreed with the previous ) 
10 decimal places. Comparison with the known exact va 
I showed that all the 10 decimal places came out correct 





each one of the roots.’ 


Appendix 3. Modification of the Method of 
Hestenes and Karush 















The method of fixed @ (see footnote 3) was used ir 
calculation This consists in passing from one approxima 
tion s for a characteristic vector to the next approximnat 

by means of the formula 













10) F > 
where 











We adjust this sequence to the sequence (17) by multiplying sit) Az p(x) B\E 


every component by 





/ 0 Here @ is a positive constant (independent of x) of the f 
p (20) 







a ’ 0 3 - 





We now coustruct our veetor y by choosing its components 


from the yy series up tos , and from the Ms series from * The entire numerical work was carried out by M Fannie M. G 
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is optimally near 1 The above formula for x’ is 
obtain convergence to an eigenvector ep, belonging to 
argest algebraically eigenvalue For an eigen 
belonging to A,, the smallest eigenvalue, the formula 


“ed In practice @ is at the disposal of the computer, 





nav change its value at different stages of the calcula 
weording to his disposition and insight The changes 
wily made by having at hand several punched cards 
different values of @ and replacing at any time the 
ard in the deck carrving the value of @ by another 
ira 
fixed a method is closely relate d to the power tne thod 
trate this, suppose we are computing the least value 





\fter a certain number of steps the value of g(r) will 

| entially constant from step to step, this constant repre 
our computed value of A Continued calculation 
mprovement in the vector The iteration formula 


replaced by its expression in terms of Ar and 


he identitv matrix That is approximately, 
a a'r l A) T tia 
re 1/38 is near | Thus, except for a normalization 
or a, this is the power method applied to A, / 1 with 
. eur A In essence we have shifted the origin close to 
hereby making Ay the dominating eigenvalue in absolute 
alu The normalizing factor @ guarantees that the lengths 
will inerease and converge 


he above procedure was used to calculate all eigenvalues 
i eigenvectors by the technique of orthogonalizing to 








nvectors already known, in the manner described in the 

\s more eigenvectors are obtained the parameter a@ 

© iwilowed to assume a greater value, this value in each new 

being of the form 8/M, where M is the spread of the 

values for the subspace in question. Thus if Ay and oy 

f ire known, the iteration operates in the 7-dimensional sub- 

I pace orthogonal to o, where the appropriate value of V 

‘ \ \ 

he Multiple roots offer no difficulty Thus in the case of 

\ \ 1000, the iteration first leads to the eigenvalue 

\ 1000 and to some corresponding eigenvectors v Run 

7 x orthogonal to » (and other known eigenvectors) we 
tain A 1000 and the eigenvector vr, orthogonal to vr, 





(Close roots may be treated as follows At first the close 

roots are ignored and because A), A, Ay are nearly equal and 

{ \; are nearly equal one obtains by the orthogonalization 
b hue eight independent vectors 








instead of the true eigenvectors 


Hlere ‘ are linear combinations of ¢ ' e and 

are linear combinations of mm, e (see text lo tind the first 
vector ® we apply our iteration procedure in the 3-space 
spanned by these vectors Phat is, we run orthogonal to 
Uy, Ms, Me, Uy, Oy and use a (large) @ appropriate to the 3-space 
Having obtained », we run orthogonal to e, to obtain + o 
obtain er we do not require the @ iteration method: we need 
only orthogonalize to ep, and ry in the 3-space Notice that 


this procedure oft obtaining t t rm does not require knowing 
4), Uy, wu Of course if one decided to separate vm and ¢ 
first, one would need to know these last three vectors but not 
i, and wu 

In connection with orthogonalizing to known eigenvectors 
we remark that if 2 is already orthogonal to such veetors 
then in theory 2° and all successive approximations will be 
In practice however the orthogonality is lost by round-off 
and must be regularly restored by direct caleulation 

The preceding method Wits, if the iain, the one used in 
the computation Hlowever, there is a variation of the pro 
cedure that is of interest It takes advantage of the fact 
that we may make the iteration scheme move upward or 
downward on the seale of eigenvalues and enables us to 


reduce the number ofl orthogonalizations Consider the 
problem of finding , ¢ t We first apply the iteration 
procedure that increases u(r), that is r+at, with ana 
appropriate to the whole space After a certain number of 
steps we have eliminated the lower eigenvectors and are 
operating in the invariant 3-space of ,, t%, ¢ We now in 
crease a to a value corresponding to the three space In this 
way we separate outer In order to avoid the introduction 


of higher eigenvectors through round-off, we intersperse use 
of the larger value of @ with use of the older smaller value 


(this replaces the orthogonalization to #,, ¢ ig, Ur, Ue Of the 
preceding method The next vector m is obtained in the 
same Wav, maintaining orthogonality to ¢ The veetor ¢ 
is found by orthogonalizing to » and ¢ To apply this 
technique to vr and ep we first find » and then use the a 
iteration with decreasing mw, that is, 4 rai Phen pv, is 


found by orthogonalizing only to ex, and ey by orthogonalizing 
to rn and e 

If we analvze either of the above methods of separation 
in the way we earlier compared the fixed @ method with the 
power method, we find again that in the later stages of the 
iteration we are applying the power method We first elimi 
nate all but the invariant subspace corresponding to the close 
eigenvalues, and then, in essence we use the power method on 
a linear combination of A and / that will separate out the 
desired vectors Thus, this method is closely related to 
that explained at the end of the text 

The final eigenvalues were found with a relative error of 
10° The absolute in the components of each eigenvector 
were determined with an absolute error of 10°°. when the 
largest component of each vector is taken to be | 
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Viscosity of Dilute and Moderately Concentrated 
Polymer Solutions’ 


S. G. Weissberg, Robert Simha, and S. Rothman 


The viscosities of solutions of three polystyrene fractions in three solvents of varying 
solvent power were measured at two temperatures. The relative viscosities of the systems 


investigated ranged from 1.03 to 43. 


The applicability of two empirical expressions for the concentration dependence, 
Baker relation, 
represented by means of polynomials of suitable degree. 
evaluation of the coefficients are discussed in detail. 

the introduction of a reduced concentration scale S 


the Martin equation and the 


namely 
is examined. In addition, the results are 
The numerical procedures for the 
In the concentration range investigated, 
[n]e, places the viscosity-concentration 


curves for different molecular weights in the same solvent on a more nearly common scale 


This seale, S, 


is simply related to another reduced scale c/co. 


Here co represents the concen- 


tration at which the equivalent spheres of the coiling molecules, as defined at infinite dilution, 


would just begin to overlap At clea < 
in terms of hydrodynamic interaction. 


also involve the intrinsic viscosity and interactions of aggregates of low order. 
iscosity data and on the basis of certain hydrodynamic results, 


is made to deduce from the v 


the equilibrium constants and relative populations of such aggregates. 
On approaching ce, the average volume available to a chain molecule in a 


are obtained. 


good solvent is reduced because of the cage formed by its nearest neighbors. 
This leads to an expression for the concentra- 
in terms of the virial coefficients of osmotic pressure, 
These equations are shown to be in satisfactory agreement with 


pressure is just the internal osmotic pressure. 
tion dependence of the viscosity, 
molecular weight, and size 
the experimental data. 


In particular, in the 


1, the concentration dependence can be described 
This interaction involves single molecules and can 


An attempt 
Reasonable values 


The effective 


neighborhood of ¢) one obtains reasonable 


values for the molecular extension factors of the chain. 


l. Introduction 


A knowledge of the viscosity of a polymer solution 
and its dependence on such variables as temperature, 
nature of solvent, concentration, and molecular 
weight of solute is of technical and scientific impor- 
tance. A large amount of effort has been devoted to 
theoretical studies of the intrinsic viscosities of both 
compact and flexible macromolecules. This work 
has been successful in that it is possible to deduce 
from these theories, in conjunction with the proper 
measurements, the dimensions of the solute mole- 
cules. Furthermore, the dependence of the intrinsic 
viscosity on thermodynamic conditions and on mo- 
lecular weight has been examined for a variety of 
polymer-solvent systems. Thus we have a rather 
adequate picture of the behavior of the isolated 
molecule in solution. 

The relation between viscosity and concentration 
becomes much more complicated when, with increas- 
ing concentration, the molecules begin to interact 
with each other, first through hydrodynamic inter- 
action, that is a long range effect, and then by form- 
ing actual contacts, aggregates, and networks. Again 
there are available some theoretical treatments and 
a number of experimental investigations of the con- 
centration dependence of the viscosity together with 
empirical expressions to describe this dependence. 
However, in few of the experimental studies have the 
effects of molecular weight or solvent power on the 
behavior in the moderately or highly concentrated 
range been critically examined. Although represen- 
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tation by equations of a prescribed type with two or 
three avalielie parameters may be useful as an over- 
all interpolation formula, such representations are 
not always readily amenable to physical interpre- 
tations. 

In this paper, the results of precise measurements 
of ste rad concentrated solutions (up to 9 g/dl) 
of three polystyrene fractions in three different sol- 
vents are described. The data are expressed ana- 
lytically by means of customary empirical expres- 
sions, as well as by power series developments in the 
concentration, in orde vr to seek theoretical conclu- 
sions. In section 2, the experimental procedures and 
the materials used are reviewed. In section 3, the 
experimental results are tabulated, and in section 4 
they are described in terms of various concentration 
functions. The numerical procedures for evaluating 
the power series expansions are discussed in detail in 
section 5 and the results given. In the last section a 
discussion of the physical aspects, together with 
certain theoretical relations is presented. 


2. Experimental Procedure 
Three fractions of poly- 


Materials; purification. 
styrene were selected from a set of fractions that had 
been prepared from styrene polymerized in bulk 
without catalyst at 120°C. The polymerization was 
nearly complete in 48 hours. Ww e are indebted to 
A. N. Roche, of the Dow Chemical Co., for preparing 
this sample of polystyrene. The unfractionated 
polymer was purified and made homogeneous before 
its use by twice precipitating it in a large volume of 
methanol from a benzene solution. The precipitate 











is redissolved in benzene and placed under reduced 

essure (<1 mm Hg) at approximately 10° C, 
\fter practically all the volatile materials were 
moved, the polymer was raised to room tempera- 
ire and kept under reduced pressure until there was 
o further loss of volatiles. The remaining material 
vas a White, foamy, homogeneous mass. 

The solvents employed were once distilled labora- 
ory stock. The mixed solvent, 90-percent methyl 
thyl ketone (2-butanone) and 10-percent isopropyl 
lcohol, was prepared volumetrically at 27.2° C. The 
sbysical constants of the solvents are given in table 1. 


TABLe | Physical constants of solvents 


kinematic viscosity 


Toluene 
Butanone 
Mixed solvent 


Fractionation. A predetermined quantity of iso- 
propyl! alcohol was added dropwise at 30°C to a 1-per- 
cent solution in butanone of the unfractionated poly- 
mer. The slightly cloudy system was then heated to 
approximately 60°C, or until complete solution 
occurred, It was then cooled slowly to 30°C and 
held at this temperature +0.02°C until the precipi- 
tate had settled. The precipitate was redissolved in 
a small quantity of butanone and the solution centri- 
fuged to remove all insolubles. The polymer was 
reprecipitated by adding the clear solution in a thin 
stream to a large quantity of isopropyl alcohol. 
Material that remained suspended in the liquid was 
separated with a Sharples supercentrifuge. The 
fraction was dried under reduced pressure at room 
temperature. It was redissolved in butanone to 
form a l-percent solution. The entire fractionation 
procedure was then repeated, using this first broad 
fraction. Five narrower fractions resulted from this 
second fractionation. The highest molecular weight 
of these five subfractions (1.1) was used for these 
measurements. In addition, two singly precipitated 
fractions, 3.0 and 5.0, were used. The molecular 
weights of these fractions as given in table 2 were 
estimated by linear extrapolation of a differentiated 
curve of osmotic pressure versus concentration, 
The measurements of osmotic pressure were made 
by G. A. Hanks, of this laboratory, using a small 
static equilibriumosmometer. Thedescription of this 
instrument designed by G. A. Hanks and one of the 
authors (S. G. Weissberg) will be given elsewhere 


TABLE 2 Molecular we ights 


Fraction M, 


600, 000 
146, 000 
58, 000 


Viscosity measurements The V ISCOSILY Measure- 
ments were made in calibrated Ubbelohde suspended 
level viscometers, similar to those used previously 
in our laboratory [1, 2]. The reservoirs of these had 
been enlarged to hold approximately 100 ml of 
liquid without disturbing the suspended level. This 
modification makes possible dilutions within the vis- 
cometer. The constants of the instruments used are 
summarized in table 3. The solutions of highest 
polymer concentration were prepared volumetrically, 
but the dilutions were performed in the viscometers 
When the capacity of the instrument was reached, 
an aliquot of solution was transferred to another 
viscometer and the measurements were continued, 
At each transfer point, viscosity measurements were 
made in both instruments to ascertain that there had 
been no concentration change in the transfer. In 
this manner it was possible to cover an entire con- 
centration range with a single master solution, 

For measurements of very dilute solutions, below 
relative viscosities of 1.2, a special Ubbelohde sus- 
pended level viscometer was made for which all cor- 
rections, including those for kinetic energy, were 
negligible. The small bore capillary of this viscom- 
eter, however, was easily clogged and therefore 
weighed amounts of filtered liquid were transferred 
to the instrument [3]. Most measurements of the 
toluene system at 30°C were made so as to have data 
from more than one viscometer in any given concen- 
tration range. This overlapping served as an inter- 
nal check on the precision of the measurements, and 
as a measure of the extent of deviation from New- 
tonian flow, since the shearing stresses at the walls 
of the several capillaries varied by a factor of three. 
The fact that the overlapping portions were all con- 
tinuous may be regarded as evidence that the devia- 
tions from Newtonian flow for the solutions studied 
are so small that they can be neglected. Some 
measurements made with a Bingham viscometer, in 
which the pressure could be varied over a range of an 
atmosphere, showed the deviation from Newtonian 
behavior to be less than 1 percent for a 3.5-percent 
solution in toluene in a viscometer in which the 
shearing stress at the capillary wall was 25 dynes 
cm’, corresponding to a velocity gradient of 140 sec™! 

The viscometers were adapted to operate in a 
closed system [2]. The temperature of the thermo- 
stated water bath was kept constant to +0.02°C 
Flow times were measured with a manually switched 
electric stopclock graduated to 0.01 sec 


3. Experimental Results 


The data obtained are shown in tables 4 to 10. 
The quantities listed are defined as follows: 


polymer concentration in grams per 100 ml 
of solution. 


relative viscosity =1/n», where 7 is the vis- 
cosity of the solution and No that of the 
solvent. 


Figures in brackets indicate the literature references at the end of this paper 
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¢ is a particular concentration, the physical 
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centrations indicated are given in table 5 
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TABLE 5 Methyl ethyl ketone viscosity data for molecular weight: 600,000 


Temperature, 30°C 
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Viscosity Concentration Functions 


Although one must be on guard not to attach 
undue significance to the form of closed analytical 
expressions that appear to be valid over a more or 


less wide range, some viscosity-concentration fune- | 


tions are quite useful for certain purposes. Two such 
are the Martin equation [4]: 
7*? —(»] exp (ki[n]e), 


and the Baker equation [5]: 


‘ (1+!) 
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10-percent isopropyl alcohol viscosity data for molecular we ight 
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Besides [yn], the parameters n and k, depend on the 
polymer-solvent system. 

The Martin equation has been applied to a large 
number of systems. In particular, Spencer and 
Williams [6] have shown it to represent the viscosities 
of solutions of polystyrene in toluene from 3 to 20 
percent of polymer. Streeter and Boyer [7] have 
found the Martin equation to be reasonably good for 
polystyrene in a number of solvents from 1 to 12 
percent polymer concentration. 

The viscosity data for fraction 1.1 in toluene at 
30°C previously exhibited [1] asa plot of »,,/c versus « 
are shown in figure 1 as a Martin plot. Only above a 
concentration of about 1.25 g/dl is the Martin repre- 
sentation satisfactory. The solid curve in the inset 
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if figure 1 to the left of the arrow has been drawn on 
he basis of a least squares straight line obtained from 
he plot of Nesp ¢C Versus ¢ for concentrations between 

0.1 and 1.0 g dl. The arrow points to the abscissa 
at which the slopes are the same as in the Martin 
plot. Figure 2 shows a similar deviation in butanone 
- This example points to the uncertainty arising 
from extension to low concentrations of a representa- 
tion like Martin’s, which is found adequate in a 
particular concentration range (here 1 to 5 g/dl). The 
values of [n] and &, derived from a Martin plot may 
thus be only mathematical fictions and not represent 
at all the intercept and initial slope of the viscosity- 
concentration function, [7] being overestimated and 
k, underestimated (cf. [7]). 

Where a system is adequately represented by a 
Martin equation down to low concentrations, the 
cosneupetalliint Nsp/¢ Versus ¢ plot is, of course, nowhere 
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Fieure 2. Martin plot (eq 1). 
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linear. For example, the data for fraction 1.1 in 
methyl ethyl ketone at 30°C and in the mixed solvent 
at 30°C (figs. 3 and 4) are well represented by a 
Martin equation over the entire range examined 

In fitting the Baker function to viscosity data, one 
need not be restricted to integral values of the param- 
eter n for an optimum fit. In any event, only a 
compromise fit is achieved, and the labor of selecting 
a representative n may become prohibitive. If, as is 
here the case, it is of interest to find the variation of 
n with temperature and with the nature of the 
polymer-solvent system, the following convenient 
graphical method for a rapid estimate of n has been 
found quite useful. 

The Baker equation is written in the “reduced” 
form: 

Nesp 
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Reduced Raker network eq 2a 
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POLYSTYRENE FRACTIONS IN TOLUENE 








A A MW 600.000 AT 30.0°C AND 482°¢ 
‘ B Mw i4¢é AY 3 
4 Cc Mw 46.000 AY 48.2*¢ 
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Figure 7 Reduced Baker network (eq 2a 
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_— , , ’ 


POLYSTYRENE FRACTIONS IN METHYL ETHYL KETONE 
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Figure 8. Reduced Raker network (eq 2a 


The indices, 2, are shown at the termini of the dashed | 
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|POLYSTYRENE FRACTIONS 
90% METHYL ETHYL KETONE ] 

10% ISOPROPYL ALCOHOL =| 
aT 
aT 


aT 
aT 


A> MW600,000 
8 MwW600,000 
C: MW 146,000 
D: Mw 146,000 


300°C 
48.2°C 
30.0°C 
46.2°C 





Figure 9 


iN MIXED SOLVENT 


S(*aec) 


Reduced Baker network (eq 2a) 


The indices, #2, are shown at the termini of the dashed lines 


where S=[nle. A value of [9] is taken from a graph of 
mn.» € Versus ¢, and the experimental data plotted as 
ns» > versus S. Over the set of plotted points is 
placed a transparent sheet on which are drawn to the 
same scale a family of curves of the function (2a) for 
integral or any other desired values of n. The best 
value of n in the concentration range of interest. is 
then easily obtained by interpolation. The data for 
our systems are included in the reduced Baker 
networks in figures 5 to 9. 

This representation shows strikingly the relatively 
slight dependence of n on temperature and on molecu- 
lar weight in and the greater 
dependence of n on temperature and molecular 
weight in the mixed (very poor) solvent (figs. 5, 6, 
7,9). In addition, the dependence of n on the nature 
of the solvent is brought out in figures 5 and 6. 
The relative constancy of n over a range of con- 
centrations for any one polymer-solvent system 
the utility of the Baker representation. 


the good solvent 


shows 


5. Polynomial Representation 


For the purpose of characterizing and comparing 
systems, the viscosity data were fitted to polynomials 
as: 


(3) 
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Ay=[n] being the intrinsic viscosity. In the con- 
centration range below 1.0 g/dl, most of the plots of 
Nsp/¢ versus ¢ (figs. 10 to 15) showed practically no 
curvature. A polynomial of a reasonable degree 
found by straightforward application of least squares 
methods to a range of data that includes a long linear 
portion must result in a poor fit everywhere. Had 
the purpose been only to find interpolation formulas, 
it would have sufficed to use two functions, one for 
the linear portion, the other for the curved portion 
However, it was desired to obtain, as nearly as 
possible, a representation by means of a single 
function, at least in a restricted range. The fol- 
lowing procedure was therefore adopted as a work- 
able compromise, to bring the labor of calculation 
within reasonable limits." 

A least squares straight line was fitted to the data 
(as »,,/¢ versus c) with zero error assumed in ¢, over a 
concentration range limited to values of ¢ less than 
¢, (see table 11). Where the deviations of the 
experimental points from this straight line wer 
random in sign, the region was regarded as linear; 
where the deviation showed systematic changes in 
sign, the region was regarded as nonlinear, and th 
calculation repeated for a smaller range. In 1! 
of the 14 systems a linear region was found. For th: 
linear cases, the intercept and slope were then used 
as the first two polynomial coefficients, those of the 
higher powers being obtained by the method of 


3 We wish to acknowledge at this point helpful discussions with John Mande 
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the maximum measured value of concentration below which the reduced 
fie viscosity is linear 
to and 4; are based on the initial linear portion The higher coefficients 
were obtained by a least squares calculation, using all the data but holding 
ip and .A; fixed 
The column entries left blank signify that the best fit was obtained by using 
the coefficients indicated 


least squares, treating the expression (,,/¢e—Ay— Ae) 
as dependent variable, and assuming no error in ¢. 
For the nonlinear cases, all coefficients in the poly- 
nomial were calculated directly by least squares, 
treating »,,/¢ as the dependent variable. The upper 
limit ¢, of the linear range is shown in table 11. 
In the fitting of polynomials there is frequently a 
question as to the degree of polynomial required to 
vive optimum representation of the data. In the 
present work the degree was chosen by the Gauss 
criterion [8] according to which the variance 
2 di 


4 m 


is minimized. Here n is the number of observations, 

m—1) the degree of the polynomial, and d, are 
the deviations of experimental from calculated values. 

In some instances the Gauss criterion was not 
decisive in that for two consecutive degrees very 
nearly the same value of @ was indicated. In such 
nstances, the polynomial degree was chosen for 
which the algebraic sum of the deviations had the 
smallest absolute value. In a least squares calcula- 
tion in which no restrictions (such as fixing the 
ntereept and initial slope) are made, the algebraic 
um of deviations is, of course, zero. 

The values of the coefficients of the polynomials 
ive listed in table 11. The coefficients giving the 
est fit over the entire range are shown, as well as 
coefficients calculated from a range of data for con- 
entrations less than the limit ¢=¢y) indicated in the 
table. The physical significance of this limitation 

discussed in section 6. 


6. Discussion 


In comparing the specific viscosities of the same 
olute under different conditions or different solutes 
identical environments, it is desirable to introduce 
reduced concentration scale. This has already 
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obtained by a least squares calculation using only the data for concentration 
less than the concentration ¢« 

' No observed linear portion within the limits of measurement The coeffi 
cients are based on a least squares calculation of all the data to the degree indi- 
cated 


been done in discussing the Baker expression (section 
4), the quantity S=[nle= Aye being such a dimen- 
sionless variable. The power series representation 
of »,,/S in terms of S, corresponding to (3), has the 
coeflicients ky—.A,/(Ao)'*'. Since S is dimensionless, 
it obviously represents a ratio of two concentrations 
One is the weight of solute molecules per unit volume 
and the other is related to the mass of solute per 
(mean) unit volume encompassed by the coiling 
molecule. Thus, if we discard some multiplicative 
factors (see below), S=1 would indicate equality of 
the two concentrations, that is, the onset of over- 
lapping of the average spheres of action, as deter- 
mined at infinite dilution. A more accurate esti- 
mate for this particular concentration ¢) (see table 
11) is arrived at in the following manner |9]. Assum- 
ing on the average hexagonal packing of the mean 
molecular spheres, the average distance 2), between 
two molecule centers at a concentration ¢ and for a 
molecular weight MM is 


Ri; (= v2) ; (4) 


where N is Avogadro’s number. For ¢=¢o, Riy=2h, 
where FP is the radius of the molecule, hence 


v2 M. 
" 8N R 


To estimate the radius 2) we have applied to the 
intrinsic viscosities of our fractions the theory of 
Debye-Bueche [10] and of Brinkman [11]. Accord- 
ingly : 


P(r) 


tr R N 
n= ov 


&(r) is a slowly varving function of the argument 
Its representative value for a particular range of 











molecular weights is found by comparison with the 
equation 


Inj =AM. 


Thus from (5) 


| 
S=e¢|n|—0.7410(2 (6) 


The values of a used were for the three solvents 
respectively: 0.70, 0.60, and 0.52 [12], leading to 
(7) = 1.22, 1.76, and 2.33 [10]. The exponents, a, 
were assumed to be temperature independent in our 
range. It should not be inferred that the concentra- 
tion ¢ represents a “critical” point. However, on 
approaching it, new molecular mechanisms should 
become important According to (6), S and the 
rat ¢ ¢ are im good approximation proportional to 
each other in a given solvent Estimates of ¢ based 
on light scattering values of ? are in agreement with 
our values of ¢) obtained from the intrinsic viscosities. 

In the majority of cases our measurements extend 
to a lower limit of ¢/¢,—0.03 to 0.04. Thatis, 2R/ Ry 
is of the order of 0.31 to 0.34. This is the region in 
which the hydrodynamic interaction between isolated 
molecules is still important and can be treated by 
perturbation methods. It represents a long-range 
effect in contrast to the interactions that determine 
the concentration dependence of osmotic pressure, 
At large distances 7 from a given particle, the flow 
disturbances decrease as 1/7 It is essentially the 
summation of this “interaction potential,” to use a 
familiar physical analogy, which has been con- 
sidered in hydrodynamic treatments of the concen- 
tration dependence [13, 16, 17]. However, even at 
low concentrations, some of the (flexible) molecules 
have larger than average dimensions and some pairs 
are closer together than the assumption of a 1/r’- 
interaction admits. For these pairs the summation 
ought to be carried out in a more accurate manner 
The problem becomes quite analogous to the caleula- 
tion of the interaction potential between rigid dipoles 
in close proximity. Other molecules may come so 
close together that they entangle, or, for hydro- 
dynamic purposes, may be considered as a single 
unit. As an approximation we have previously 
lumped all these effects into one, namely, what we 
may call “quasi-aggregates”. Thus, in this ap- 
proximation it is necessary to consider the formation 
of doublets and triplets that act and interact with 


ok » 
2h) (44-22 40434 


The first two terms have been given previously [13]. 
This expression will be valid when the average inter- 
molecular distances are still large in comparison 
with the molecular dimensions of the isolated mole- 
cules and when the number of aggregates is still 
comparatively small [13, 15]. It is seen that gen- 
erally the various contributions can be of opposite 


v4 ! 2h, @ ! . D) 2h, F 4 Q 
A% [ 1" ty (A@— A Je+[ 2-4 » (4K,—K,) (AG 
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each other hydrodynamically [13, 14, 15] 

Since the relative populations of the several speci: 
depend on higher powers of the concentration tha) 
the first, their presence must contribute to the A 
Ay, ete. terms. This has been shown previously 
far as the A, coefficient [13]. These populatio: 
may be formally expressed in terms of “equilibriu: 
constants’. The analysis is now extended up t 
the A,-term, which requires the consideration 6 
triplets. Consider the equilibria 


eil ) 
2P,=P 
IP, PLS 
P,+P,=P 





They lead to the following expressions for the relativ: 
molar concentrations of the three species 
2hyn 2h, A,—3 Ayn 


nyn l t (SA? 


n/n= Kyn|l—(4k,— k,n] S 


Natt Kan . 


with n=n,+2n.+3n,. Terms higher than n° have 
been discarded. The A, are functions of the rat: 
constants k, and ky. In particular, Ay=ky,/k;, de 
scribes the equilibrium between single and double 
molecules, while no analogous simple relation holds 
for Ky and Ky. 


We can now write: 


AS ¢,+ Ole), 

where the c, refer to weight concentrations and the 
upper indices in the A’s to the type of molecule in 
volved. The second and third terms represent the 
hydrodynamic interactions among pairs and triplets 
of single molecules. A,” and A," are the intrinsi 
viscosities of double and triple molecules respe: 
tively. Aj'” refers to the first interaction coefli- 
cient between a singlet and doublet. From (8) we 
find, since n=c/M, 


j Az) 


apa (AS AS | c*+ O(c’) 


sign, and partially cancel each other. End-to-end 
aggregation of rods or spheres makes AJ — AY post- 
tive. Thus in a poor solvent an increase in slop: 
will result. In good solvents, however, the situation 
may be reversed. 

A glance at (9) reveals the difficulty of obtaining 
estimates of the pertinent parameters. We must 




















mw the intrinsic viscosities and first interaction 
ficients of the aggregates, besides having the 
ormation for the single molecule, in order to 
ve at estimates for the kinetic constants A,. This 
juires rather stringent assumptions about the 
ometry of the aggregates 
Without wishing to take the values given below 
o literally, we make the following assumptions in 
evaluation of (9) with the aid of our experimental 
ta. First, the second step in the equilibrium (7) 
ll be disregarded, since it should be less important 
triplet formation than the third; that is A,=0 
cond, the hydrodynamic interaction coefficient 
1! is determined from the theory of one of the 
ithors [13, 14], thatis, AY =k?Y (AD): kk? —0.77 
his value has since been confirmed independently 
other authors [16]. It should also be mentioned 
that, using a different method of attack, a different 
ilue of f namely, 0.4, has been derived [18, 19] 
It has been indicated that 4, should vary with the 
hape of the molecule [13, 14, 15]. We shall never- 
assume k'} =k Furthermore we 
| 0.4104) )° [17], although this value holds only 
for a spherical suspension. Third, the hydrodynamic 
coefficients for the doublets and triplets are caleu- 
lated from the equations of Zimm and Stockmayer 
20) for branched molecules. This procedure assumes 
that the aggregate can still be treated as a random 








set 


eless 





coil Accordingly we have 
1 1; i? ts 2 1) ) 
(10) 
1i?7-~AP—AV(g 1) ) 
represents the ratio between the mean square 


radius of the molecule with one branch point and 
the linear chain of equal molecular weight, hence 
the factor 2. g, is the corresponding ratio for the 
molecule with two branch points. a@ has been pre- 
viously defined. Now 0.8002 q > 0.625 [20], where 
the two limits refer to a random distribution of chain 
lengths and fixed equal chain lengths of branches, 
respectively. Since, in a long coiled chain, the 


extremities will not be available, aggregation or 
entanglement will occur primarily through the 
central portions of the chain. Hence g<0.8. We 


hall assume g,2 0.625. While the results are sensi- 
ve to the choice made, it should be noted that at 

0.689, AP—AY=0, for a=0.7. Similarly 
ds 0.525. Here the “branches’’ should be 
more nearly distributed at random. The value of 


Dey) > qd 


A. is again sensitive to the choice of g,. For 
0.555, A®—AW vanishes. We shall for our 
estimate use g,2 0.525, the value corresponding to 


d equal chain lengths. Because of these choices 
and gs, the number of “aggregates’’ estimated 
oW represents a minimum value. From (10) there 
thermore follows with the assumptions made about 

coefficient ky 
AS (11) 
| . 
With these assumptions, and equating the coeffi- 
ts experimentally determined for e<¢ ) with those 
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in equation (9), we obtain for the three fractions in 
toluene at 30° C, in descending order of molecular 
weight respectively: 2A, \7-—-6.64, 2.82, 1.55, dig 
and 3A3/\P=—7.59, 1.09, 1.62 (dig One finds 
therefrom that approximately 5 to 6 percent of all 
molecules are combined into doublets at a concen- 
tration ¢=¢)/10. This is reduced to 2 to 3 percent 
for concentrations such that two molecules can be 
accommodated in the empty space between particles 
While the absolute magnitudes of A, and Ay are 
sensitive to a change from 0.77 to 0.70, which ts 
Brinkman’s value for &;"' [17], the equilibrium concen 
trations of double molecules are insignificantly 
altered by this variation. Of course, more profound 
changes in &{" affect the equilibrium concentrations 
considerably. Since we expect &j" to increase in a 
poor solvent [13, 14, 15), cannot extend these 
ealeulations to the two other solvents without 
additional and arbitrary assumptions 

Again it must be recalled that only 
the concentration nm. so estimated accounts for actual 
agyregates that make a negative (probably nevlivi- 
ble) contribution to the second virial coeflicient of 
osmotic Keeping this in mind, we may 
make an estimate of the standard free energy changes 
involved, realizing that they will be too high as far 
as true aggregates are concerned Flory's results |? 1 |, 
originally derived for the case in which the free energy 
change AF® on forming a new bond in an association 
equilibrium is independent of chain length, can be 
extended to our particular case if we consider only 
the formation of double molecules Thus [21] 


we 


a fraction of 


pressure 


AF°( M 
RT 

y is the coordination number of the lattice, a quantity 
characteristic for the type of theory from which 
this result is derived, o is a symmetry number equal 
to two in our case and '), the molar volume of a chain 
segment. Thus, depending in the values used for y, 
'’, and on the molecular weight, we find values for 
AF® ranging between 2 to 5 keal/mole. The latter 
value is somewhat high. We can make an independ- 
ent estimate of the entropy change If both the two 
separated chains and the doublet ean be considered 
as random coils, as we have done above, then the 


In K, tin [(y—1)e V4] 


entropy corresponding to an end to end distance, 7, im 
an isolated chain of n links each of length ), equals: 


r* 


: , 3 
S(r)—S(0) k ’ 
2 nb* 
or (—3/2) & in the average configuration. Thus we 
obtain an entropy increase for the aggregate of 
(2— de)3/2k. corresponding to a free energy of the 


order of 1 keal/mole 

Equation (9) is SUCCESSIVE 
tions by taking into account the 
successively more complex aggregates, which in turn 
interact hydrodynamically in a successively more 
complex way, that is by pair, triplet, and higher 
interactions. This picture should rapidly become 


based on approxina- 


appearance of 


untenable as the concentration ¢) is approached and 





one should expect a marked increase of the influence 
of concentration. A glance at figures 10 to 15 indi- 
cates, at most, a moderate upswing beyond ¢=¢. 
For proteins or solutions of phenolic resins, on the 
other hand, the concentration dependence, if ex- 
pressed in a reduced scale, is more pronounced. The 
coefficient k, is generally higher than for polymer 
solutions and of the order of 0.7 to 1.0. This is 
consistent with the negative values of n indicated on 
the Baker plot, figure 16. The data on proteins are 
due to Oncley, Scatchard, and Brown [22], while those 
for the other polymers were taken from a summary 
by Bredée and de Booys [23]. It will also be noted 
from the graphs, that the polystyrene samples of very 
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low molecular weight (below 20,000) yield consid 
ably higher, or even negative, exponents n than thos 
of large degrees of polymerization. This compara 
tive reduction of interaction effects should in part by 
due to a change in shape with increasing concentra 
tion, which large flexible molecules are capable o 
undergoing. On close approach of two or more suc! 
molecules in a good solvent, each of them will assum 
configurations that correspond to a smaller averag 
radius than at infinite dilution. In other words, thy 
coils shrink. The magnitude of this effect vari 
with concentratior, and it will tend to counteract th 
Viscosity increment produced by interaction effects 
it is useful at this point to introduce an apparen| 
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us concentration (eq 134 


cute Value 


or effective intrinsic viscosity n|. at finite concentra- 
tions * namely, 


l dn 
” de 


1 dy 
In). (12) 
n. de 
this coincides with the customary defini- 
tion of the intrinsic viscositv. The quantity |], is a 
measure of the relative increment in viscosity pro- 
duced on adding a solute molecule to a solution of 
concentration ¢. This quantity will depend on the 
volume encompassed by the coiling molecule at this 
concentration and on its interactions with other 
molecules 
The concentration dependence of ln] may be 
illustrated on the basis of the Baker equation (2) 
It vields 


i7) ‘ 
(13) 


ln nic 
ime 


TZ 


Thus with increasing ¢, for 1 >0, as is the case in all 
solutions of large polymers investigated, as far as 
we know, [n], decreases, but to a lesser degree in a 
poor solvent in which » is large, as was shown in 
section 4 We may recall also that for cellulose 
derivatives » is larger than for polystyrene, at 
least in a good solvent [24] 

To treat the concentration dependence in this 
region, two interaction effects must be evaluated 
First, is the hydrodynamic interaction between 
the chains in close contact. It is only  approxi- 
mately taken care of by assuming that for each 
molecule added the solution can be regarded as 
“solvent’’ with a viscosity equal to that of the 
medium. This is inherent in the designation of 
In|, eq 12, as an “intrinsic” viscosity. At high 
dilution, such an assumption leads to an overestimate 
of the concentration dependence 

The second effect involves the mutual influence 
of the chains on their internal configurations and 
average dimensions. Pair interaction produces an 


‘ The authors acknowledge at this point discussions with H. M. Spurlin 


anisotropy in the previously spherically svmmetrica 
distribution of internal configurations. Since 
is difficult to treat in detail the interaction of mor 
than two coils, we shall for our purposes simplif 
the analysis. At sufficiently high concentrations 
we have a liquid or quasi-crystalline  structur: 
Each solute molecule is surrounded by a 
formed by its neighbors, the effect of which wil 
be approximated here by a uniform. pressure, 
on the central molecule. [t is furthermore assume: 
that the molecule can still be represented by a spher: 
with a given encompassed average volume 

Under the influence of such a pressure, the most 
probable volume Vo, will be reduced to a value V 
depending on the “‘compressibility’’ of the chain 
In the appendix it is shown that for a Gaussian coil 


and if pViJk#T<1 

vevely 9 pV —<(e 
ay . (14 

t kl 32 \ ki 
Thus at vanishing the compressibility 
(1'—14)/ply is proportional to 'y/47 in complet: 
analogy to an ideal gas. The volume effect due to 
the mutual repulsion of the chain segments in thy 
isolated molecules modifies the result (14) so that 
for the simple model of a van der Waals gas of 
segments confined to the volume encompassed by 
the coil, the following result is derived: (see appen 


dix 
; , 0 pVo 
| V, [ kT ] l4a 


a is the extension factor rp/ro" is the most 
probable end-to-end distance at zero pressure, and 

3 is the corresponding quantity in the 
volume effect For a=1, (l4a 


“cage 


pressure 


, where ry 
vr. (%% nb?) 
absence of the 
reduces to (14 

The pressure, p, is the internal osmotic pressure of 
the solution, that is the excess Il—IL, of osmoti 
pressure over the van't Hoff term Hy. Thus wi 
make the identification 


pP 
RT 
represent the second and higher virial 


pressure. In the 
purpose to introduce 


where the /? 
coefficients of osmotic 
theory it would serve no 
explicit statistical mechanical expressions for thes 
coefficients: they are treated = as experimentally 
known quantities. Combination of (I4a), (15 
and (5) leads to the following expression for the 
relative change in volume 


V r’ B,M?* 2 
Vy 8 VN 3: 


preset nt 


7 (2) (6): 16 


- 
» 


Since 7, has been shown to decrease slowly with 
increasing molecular weight [12], while @ is eith 
constant or increases with 7, the compression facto 
will depend only slightly on molecular weight 
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im reduced 
virial 


tints 
coetlicient 


concentration is) expressed 
irthermore, since the second 
pends on the covolume, the fourth and higher 
ial coefficients in the expansion (15) will contain 
ative contributions. Consequently the osmotic 
essure ina given solvent will rise less rapidly with 
han for an undeformable solute 
must now be made between the 
results. Consistent with the 
sumption made about the hydrodynamic inter 
tion, the ratio V/V is equated to [n]./[n]. The 
iet that the proportionality factor between viscosity 
id volume also changes ts not important for the 
oderate in) question. Aecordingly 
ra poor solvent, [yn], is more nearly independent 
concentration than for a good one, in agreement 
ith experience. Actually, the expansion (16) is 
imilar to an expansion of the Baker formula or to 
xtensions of it which have been proposed [23] 
Thus we can write 


d 7 9 it ccm ( ) teonst.’ (" ) ' 


the neighborhood of the concentration e¢, 

We have calculated the quantities 1— ({n}./[n]}) by 
means of our power series representations, using the 
coefficients for the complete range. The results for 
the lower temperature are shown in figure 17. As 
anticipated from our previous considerations, the 
values of the ordinates are smallest in the poorest 
solvent The cireles the curves indicate the 
values at ¢. It is on comparing the three 
fractions in toluene, that the ordinates corresponding 


The connection 
scosity and these 


COTpPresstons 


( Ga) 


seen 


to the abscissae ¢», are very nearly independent of 
Using these experimental values, 
The 


were interpolated from the 


molecular weight 
we obtain the results for @ shown in table 12 
for By and 
esults in reference [12]. One of coefficients 

applies to dichloroethane rather than toluene 
lloweve r, the molecular dimensions are shown to be 
practically identical in two solvents The 
a's so derived are reasonable As 1s to be expected, 
they are smaller in butanone than in toluene. The 
absolute magnitude of @ should not be taken too 
literally, since the hydrodynamic interaction may 
have been overestimated, making the present values 
of @ too large. The inclusion of higher terms in the 
expansions (I4a) and (15) would have the same con- 
equence 

Thus the picture developed seems satisfactory in 
the neighborhood of e. At higher concentrations, 
further terms in the expansion (16a) are important 
\t still higher concentrations, the underlying picture 
must change again. Actually when the mutual par- 
ticle distances become very small in comparison to 
the radius obtaining at infinite dilution, the coils will 
have the tendency to blow up again. When attempt- 
ig a theoretical approach to the viscosity of highly 
concentrated solutions, it will be more feasible to 


\ nlues 


set 


these 


After the preparation of this manuscript, osmotic data for toluene became 
ible, ef C. E. H. Bawn, R. F Freeman, and A. R. Kamaliddin, Trans 
lay Soc. 46, 862 (1050) rh. M's derived by these authors are smaller than 
« used here and lead to @-values that are smaller by about 10° than those 

1 table 12 


| 
| 


Pantie 12 Characterist 


Butanone * 


Do 


butanot 


start from the other end, namely 
and “intrinsic” 
molecule 

We have presented a first attempt at a quantita 
tive theory of the viscosity of moderately concen 
trated solutions, which shows that infinite 
dilution, there exists a parallelism between the thet 
modyvnamie and rate properties. A more 
theory for the range € Co of the order of unity and 
beyond will have to overcome considerable dith 
culties, the nature of which has been made clear in 
the course of this discussion. We have also shown 
that one should not expect, even for a Newtonian 
solution, a single function with two or three param- 
eters to provide a reasonable physical basis for the 
description of the solution over a wide range of con 
centrations, even though such empirical expressions 
are of practical use 
by different mechanisms in different 
ranges which, of course, cannot be strictly separated 
from each other, The long linear portion of the »,,.« 
curves, for instance, observed in several cases, is the 
result. of a compensation of several factors 


the pure poivmer, 


consider an viscosity of the small 


as al 


PIVOrOLS 


The stage is, so to speak,oceupied 
concentration 


7. Conclusions 


Our viscosity data can be satisfactorily repre 
sented in poor solvents by an equation of the Martin 
tvpe. The Baker equation is applicable over re 
stricted ranges of concentration if fractional expo 
nents are admitted These increase in young from a 
good to a poor solvent and are more sensitive to 
changes in molecular weight and temperature in a 
poor than in a good solvent. In fitting polynomials 
to the experimental curves of ,,/¢ one finds, as one 
would expect, some dependence of the coeflictents of 
the quadratic and higher terms on the concentration 
range admitted for the calculation 

On the basis of the coefficients derived from the 
data below ce», one can estimate the number of 
“aggregates” formed by entanglements or due to close 
proximity of two solute molecules, which effectively 
constitute a single kinetic unit in the field of flow 
In toluene we find that 5 to 6 percent of all molecules 
are doublets at ¢=¢,/10. The corresponding standard 
free-energy changes depend on molecular weight and 
can be estimated to be of the order of a few kilo- 
calories per mole. From the quantity din 9,/de at 
C=», We deduce values for the “compressibility” and 
the extension factor of the coil as a function of molec- 
ular weight 
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8. Appendix 


1. Effect of External Pressure on the Dimensions 
of a Gaussian Coil 


The distribution Wir)dr of end-to-end distances r in a 
chain composed of n elements will have the form: 


V - 
exp ( - ) 17) 


The volume, ', is determined by the radius, ?, of the coil 
Although this holds strictly only for a Gaussian coil [25], we 
shall assume proportionality between r and R The most 
probable value of r is then determined by the equation: 


Wo 


const, re 


kT 
“i pnb? 


For small values of pVo/kT 


where p’ is proportional to p 
2/3nb*? and obtain: 


we expand the solution around r?=rj 
3 p’ 3\° (/rip’ 7 (3\¢ (rip’ 
a[) 2" arta) Gr) -4 (QQ) Ger 


This leads to equation (14) in the text 


; 


2. Volume Effect 


Several methods of attack have been developed recently 
with very divergent results. In the following we give a 
simple derivation, which leads essentially to the result given 
by Flory [26]. Consider each of the segments to have a 
covolume v,~b2 and to constitute a gas in a container of 
volume ~R?. That is, we assume that all links between 
segments have been cut The total number of configurations 
originally available is then reduced by a factor 


(19) 


n—l , A n? bb 
ib ‘ bi ‘ > a 
 (1-j)*!—p De oF Re. 


Again we assume proportionality between r and R, and set 
R? =r’, 


as in a Gaussian coil. Consequently: 


3 hr 


. ; ; | 1 
Wir)~re 7 *” exp —5 ( (20) 


Differentiating (20) and defining 
2 
a (3 nb*) r’, 
we obtain for the most probable value of r: 
b,\3 2 
a’ — oe’ = constant (;) n?- 


This is identical with the result of reference [26]. 





3. Effect of Pressure and Excluded Volum: 


Combination of equations (17) and (20) leads to 


where 8)~rh3, B.~ p/kT 


The most probable value of r obeys the equation: 
3 ‘ 3 ; 
’ f Byr®. 
2nb? 7 : ji 


Again we restrict the solution to small values of, 8. and 


~y 


2nb? 


+ Bre 


Introducing a, this leads to equation l4a), where now 
/ represents the volume of the coil with volume effe« 
0, as given by equation (21 


ly~r 


at p 
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il of Resear 


An Analysis of the Effect of the Discontinuity in a 
BifurcatedjCircular Guide Upon Plane 
Longitudinal Waves’ 


Louis L. Bailin* 


The problem of theoretically accounting for the scattering of sound by a semi-infinite 
circular tube with a small diameter inserted axially, as a measuring probe, into a larger tube 
of infinite length, is solved in a rigorous and explicit manner when the incident plane waves 
are restricted to the lowest propagating mode 

The investigation follows the methods outlined by J. Schwinger and consists in solving 
Helmholtz’s equation subject to boundary conditions on the acoustic velocity potential at 
rigid walls. With the aid of Green's theorem and the Green's function for a point source in 
the large guide, an integral representation of the desired velocity potential is obtained. The 
imposition of the boundary conditions leads directly to a homogeneous integral equation of 
the Wiener-Hopf type, which is solved by transform techniques. The results of this solution 
are shown to be related to a distance d, which is the length the inner guide must be extended 
to account for the disturbance occurring in the immediate vicinity of the discontinuity 
caused by the excitation of higher mode fields 

Another satisfactory method of representing the effeet of the discontinuity is by the use 
of equivalent circuits, by means of which a discontinuity in a wave guide is replaced by a 
lumped parameter network in a set of transmission lines. The equivalent cireuit for this 
network is derived, and the one essential circuit parameter is related to d and to the explicit 
solution of the integral equation 

Numerical results for d are given as a function of several different guide ratios and 
driving frequencies of the incident waves. The results are in considerable disagreement with 
approximation methods previously reported and indicate that these methods are unsatis 
factory in the present problem 


I. Introduction 


The problem of theoretically accounting for the scattering of sound by a circular tube 
with a small diameter inserted axially into a larger tube as a measuring probe (see fig. 1) is 
merely a specialization of a general class of problems dealing with the effects of obstacles on the 
propagating modes of both acoustic and electromagnetic waves in guides. It has been shown 
by J. Sehwinger [1] *, in a series of theoretical studies, that the special class of boundary-value 














Ficure | 


problems, where waves are incident upon a number of semi-infinite parallel metallic structures 
(structures with parallel axes) of zero thickness and perfect conductivity, can be formulated 
mathematically as an inhomogeneous integral equation of the Wiener-Hopf type |2]. Because 
of the discontinuity, the imposition of the particular boundary conditions that the field com- 
ponents must satisfy leads directly to one or more intregral equations of the type 


g(r) Kir—y)fly)dy, 2>0, 
J0 


*Present Address, Hughes Aircraft Co., Culver City, Calif 
1 The preparation of this paper was sponsored (in part) by the Office of Naval Research. The content of this paper was submitted 
partial fulfillment of the requirements for the degree of doctor of philosophy at the University of California at Los Angeles 
Figures in brackets indicate the literature references at the end of this paper 
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where f(z) is unknown while A(r) and g(x) are known functions. In the electromagnetic 
problems f(z) is the surface current density on the obstacle while, in the acoustic case, it repre- 
sents the discontinuity in the field variable on opposite sides of the obstacle. Generally g(x 
is determined by the boundary conditions and the incident fields; it is zero in the present 
acoustic problem. The components of the field vectors at all points in space can be readily 
related to the Fourier transform of f(z), which is obtained when the above equation is solved 
by the transform techniques of the Wiener-Hopf method. 

Schwinger [1] also points out that if incident dominant mode waves fall upon an obstacle, 
the effect of the obstacle is to generate a far field of scattered or reflected lowest mode waves 
and a local field that is a result of the excitation of the attenuated higher modes. Although a 
complete description would include both fields in detail, as a practical guide problem, only 
the far field effect on the propagating modes need be considered. Another satisfactory method 
of representing this effect is by the use of equivalent circuits, by means of which a discontinuity 
in a wave guide is replaced by a lumped parameter network in a set of transmission lines. 

It will be the purpose of this paper to apply the above methods to an infinite circular 
guide with a concentric semi-infinite circular bifureating cylinder and to study the effect of 
such a discontinuity upon plane longitudinal waves by replacing it by an equivalent circuit 
By a consideration of the equations that govern them, the unknown parameter in this network 
will be shown to reduce to one single essential parameter. This parameter will then be related 
to a distance d, which is the length the inner guide must be extended to account for the dis- 
turbance occurring in the immediate vicinity of the discontinuity caused by the excitation of 
By this extension, we are able to introduce a new reference plane, the 


higher mode fields. 
Here the one essential parameter vanishes, and the equivalent 


“virtual plane of bifurcation.” 
circuit reduces to three transmission lines in series as shown in figure 6. Thus all measure- 
ments made at a distance will indicate that the bifurcation occurs in the virtual plane that is d 
units from the mouth of the inner guide, provided we assume that the discontinuity produces 


no disturbance. 
The solution to the problem will be obtained by solving Helmboltz’s equation subject to 


boundary conditions on the acoustic velocity potential at rigid walls. This is to be done with 
the aid of Green’s theorem and the Green’s function for a point source in the large guide 
From the integrals in Green's theorem, we obtain an integral representation of the desired 
This integral we shall solve in its Fourier integral form with the aid of the 


velocity potential. 
homogeneous integral equation that is obtained when boundary conditions on the inner guide 
are applied to the integral representation. The homogeneous equation is of the above-men- 
tioned Wiener-Hopf type; since g(z)=0, a solution by Fourier transforms is possible and 
vields an explicit expression for the transform of the unknown function. As the transform of 
the unknown appears in the Fourier integral form of the integral representation, the solution of 
the Wiener-Hopf equation permits a rigorous result for the velocity potential anywhere in all 
three regions (large guide, small guide, and coaxial guide). 

It is also noteworthy that an alternative integral equation formulation [3] of the problem 
This originates with the division of the space interior to the large guide into 


can be given. 
r<a,where a is the radius of the smaller guide. Green’s theorem is then 


the two regions r >a, 
applied to each region with its appropriate Green’s function, and each velocity potential is 
then expressed for 2<_0 in terms of its radial derivative on the surface r=a; here z is a distance 
along the guide with z=0 at the mouth of the inner guide. The requirement of continuity 
for the velocity potential on crossing this surface provides an inhomogeneous integral equation 
of the Wiener-Hopf type for the determination of the common radial derivative. 

Thus if we place the inner guide at z>0, then, for z<0 and large, the integral representa- 
tion reduces to linear expressions involving transmission line parameters and, for z>0 and large, 
it is given in terms of expressions from the Wiener-Hopf solution as well as a linear combination 
of transmission line parameters appropriate to the region considered. When the solutions to 
the right and left are then transformed back to the reference plane at the mouth of the inner 
guide, we find that the discontinuity can be represented as a six terminal network and that the 
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one essential parameter and the distance d can be also expressed in terms of these Wiener-Hopf 
results. 

To simplify the problem to a considerable extent we are going to restrict the driving fre- 
quency to permit only one mode plane wave propagation in all three regions. In order to insure 
this type of propagation in the different regions, we must carefully examine the eigenvalues 
that arise in the solution of Helmholtz’s equation in these regions. For the present problem 
where the normal derivative of the velocity potential vanishes at rigid walls, such a study 
will indicate that if we wish the propagating mode to be the lowest “axially symmetric” mode, 
we must have 0<k<2,/b where x, is the smallest zero of the Bessel function J;(7). Since 
r< 4, =3.832, . . ., we may therefore select 7/b as a working upper limit to guarantee only 
principal-mode propagation in all regions. 


Il. Description of Physical Quantities 


In studying the effect of the discontinuity upon a plane acoustic wave in an infinite circular 
guide, radius 6, which contains a concentric semi-infinite coaxial guide of negligible thickness, 
radius a, we will assume that all the walls are perfectly rigid. Accordingly, the radial com- 
ponent of the particle velocity vanishes on the rigid walls. Thus, the scalar velocity potential 
® satisfies the wave equation 

oo cv, (1) 
where ¢ is the velocity of sound propagation in free space, and the partial derivatives of ® with 
respect to the coordinates are the respective components of the velocity. A solution under the 
assumption of harmonic time dependence and complete angular symmetry about the z-axis 
can be given as 

P(r,z, O=d(r,2 
where 


and A\=free space wavelength. Equation (1) then becomes the scalar Helmholtz equation 


O¢ , O°¢ 


+k? 0, (: 
Ortoztt ® » 


subject to the boundary condition 


(r 6 for all z 
0 at « 
or (r—a for z>0. 


Od 


Once ¢ is known, we can calculate the other important acoustic quantities from the classic 
relationships between the velocity potential, pressure, density of gas, and condensation. 

We now formulate the equation which expresses the field variable in terms of the dis- 
continuity of ¢@ across the surface of the inner guide (surface current density in electromagnetic 
case). To do this, we are going to make use of Green’s theorem to construct the Green’s func- 
tion for the structure at hand out of a more readily obtainable one, which in our problem is 
the one for the empty guide of radius 6. Thus we are considering the inner guide as an obstacle 
embedded in the space of the other. The appropriate Green’s function which will aid appreci- 
ably in the solution of the differential equation in ¢ satisfies a similar but inhomogeneous 
equation with the simpler boundary condition 


0G 
or 
964065—51 _ 317 


0 at r=6 for all 2. (5) 





Therefore, Green's function for the velocity potential, with no angular dependence, satisfies 
the equation 


Here 5(2—z’) is the Dirac delta function and is zero everywhere save at r—2’, where it becomes 
infinite in such a fashion as to make 


bir —2’)dz’ 


z:0 


Fiacure 2. 


In applying Green’s theorem,“ we take the region under consideration as that which is 
enclosed by the dotted line in figure 2 and write 


J, 140? +ko— 00" + hG)dV’ J,.(6 ~ ? ) dS’, 


On’ 


where n’=outward normal to the bounding surface. Although dV’ represents an element of 
volume enclosed by the dotted line and dS’ an element of surface area, the problem can be 
reduced to two dimensions by immediately integrating with respect to the angle, since there is 
complete circular symmetry. This integration merely brings in a factor of 27 on both sides of 
the above and removes the angle dependence from all subsequent equations. @ here is an 
appropriate Green's function that satisfies (@) and (5). 

To evaluate (8), we impose boundary conditions (4) and (5) together with (3) and (6). 
Since the volume integral reduces to ¢(r,z), Green’s identity yields 


: Y f ~ OO =) = 
2) |.(4 on’ % Sn’ as’, (9) 


where S’ is determined by the six regions in figure 2 and n’ measures distance along the out- 
ward normal to the surface enclosed by dotted line. By writing G(r, r’, z— 2’) asthe asymptotic 
form of Green's function for z’ large and negative and @*(r, r’, z— 2’) as the asymptotic form for 
2’ large and positive, (9) becomes the sum of the six integrals, 


‘a Oe oGt 
Ye — , , 
J, [e de’ 6S | rar 
*L , og ‘ 
‘|, [ - «a—0,: ol 


*L og | 
- “a as +O. 2’ +’ 
|, [ “6 6,s or’ <#* ‘ 
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(minus in front since n’ 


(minus in front sinee 7 


Since it will be shown later that all integrals taken along transverse surfaces are independent 
of Lor L’ as the case may be, we may now let 1 and L’ -+ © and write (10) as 


ou ; is, Ob ou 
o ( > ) ad im i (6 9.’ ¢ 7 ) 
/ 


| (« << ria) ~ ) var |.(4 oie o >.’ ) rd | (11) 


The difference of the velocity potential on the inner and outer surfaces of the small guide which 


appears in the first integral of (11) is a consequence of the oppositely directed normals at 
these surfaces 


III. Derivation of the Appropriate Green's Function 


To obtain the solution @(r,r’,z) of (6) in the total space interior to the larger guide, we 
shall apply standard Fourier transform techniques. Thus, we transform 2 out of (6) by de- 


fining the Fourier transform in 2 as 


Gir,r’ vt) Gir’ ,z)dz, (12) 


where we have written 2 instead of z—2’, since this binomial appears explicitly in the solution, 


4 now satisfies the equation 


or? ; or’ ATT of ; o 


where Y=k?—©; Gis subject to the boundary conditions: (1) that it be finite at the origin 
and (2) that its normal derivative vanish at r=). Thus, we must seek a solution of Bessel’s 
equation of order zero, since there is angular symmetry, which satisfies these boundary con- 
ditions and is continuous at r=r’. Following Courant-Hilbert [4], the solution of (13) can 
be given as 

Jyr’) 


Tint [ Jolyr) Nyy b) — Nolyr) J i(y 6)| 
Ji (yb) 


Jy (yr) 


J olyr Nilyb)— Nolyr’) Ji(75)). 
J (yb) 


By the Mellin inversion, these then yield @ in the form 


J lyr. 
J (yb) 
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'{Jo(dr INilyb) — Nolyrs) J i(y5)) 


etide 





where the integration contour is a straight line in the region of regularity of the Green's fune- 

tion transform and r.., r— symbolizes the larger and smaller of the coordinates 7, 7’, respectively. 

To determine the region where the integral in (15) converges, we must first determine 

the form of G and then apply it to (12) which defines G(¢). From our fundamental assumption 
of only one mode propagation, we know that 

G~ Ae* tS Bie & ‘ (16) 


—s 
n=l 


It can be easily shown that for a ( of this form, the integral in (12) has no region of regularity 
unless k, the propagation constant, has an arbitrarily small positive imaginary part (which is 
eventually set equal to zero). This corresponds to a small attenuation of the sound waves 
traveling in the guide. Thus, if we let k=, + de and introduce the coordinates in the ¢-plane 
as ¢=£+ im, (12)) converges in the strip |q|<e (ims). Consequently, the inversion given 


s 


in (15) can be performed, if ¢ is restricted to this same strip. 


ie. 


"hy 
> 





Figure 3 
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The integral in (15) may now be evaluated by computing the residues inside the semi- 
circular contours pictured in figure 3. The poles of (15) which are given by the zeros of J,(y6) 
are all complex for «>0. Thus, if we let J)(y.6)=J.(2,)=0 for n=0,1,2,3, ... and ¢, 
k°—+y2, compute the residues inside [', and T), and then let e->0, we find that the solution of (6) 
becomes 


taleme’ Jo( an) Fo( 2» ay kK, 


G ie . 4 . 


kb? c K,, 67.J2(z,,) ne) 


Here we have insured only one mode propagation by restricting * to be less than 2,/6 and 
defining the attenuation constants by Kj=(z,/6)*—k® where Kj=(2,/b)’—k* is the smallest. 

The Green's function which is appropriate to this problem must give a physical descrip- 
tion of waves incident upon and reflected from a discontinuity in a guide. Since (17) repre- 
sents a wave traveling outward from a source, the appropriate Green’s function requires a 
superposition of (17) and its complex conjugate which is the solution of (6) representing a wave 
traveling inward to a sink. Thus if we take one half of the sum of (17) and its conjugate and 


simplify the results, we obtain 


, 


in te—2'|, 2 (5) e(%pO* 


G(r,r’, 2 2) kh? + 24 K, 67.J2(7,,) 


n=l 
which has the desired physical properties. 
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IV. Evaluation of Integrals 


Once the appropriate Green’s function has been determined, we can proceed to evaluate 
the integrals in (11). This is done in paragraphs (a) and (b), since the character of the results 
and the evaluation techniques used differ widely. Paragraph (a) is concerned with obtaining 
the far field contribution in terms of the transmission line parameters and paragraph (b) with 
the setting up of the Wiener-Hopf integral equation which is a result of the first integral in (11) 

(a) In proceeding, let us temporarily ignore the first integral of (11) and examine the last 
three. From the explicit form of the Green’s function, (18), the asymptotic forms of @ can be 
given as 

sink 2 


kb re 


Thus, when we examine (11) for L and L’ sufficiently large so that the attenuated terms may be 
considered negligible, only the forms in (19) need be used. Lt can be shown [5] that in terms of 
the propagation of acoustic waves in transmission tubes, the velocity potential and pressure 
obey analogous equations to those for currents and voltages in a transmission line. Thus, for 
> large, @ behaves as the current in a transmission line which we will denote as /( Then, in 
terms of the transmission line currents and voltages measured at 0, we write 


or, z)~1(z)=|1 cos kz—iVY sin ke}, 


where 
l 
pe 


is the characteristic admittance of the line and p is the density of the air or the gas in the tubes 
Using (20) for each of the three regions under consideration, we note that as 2 
o(r,z)~ 1,(z)=[/, cos kz +-7V,Y, sin ke], 
while for z—> © and for r<a 
o(r,2z)~ I,(z)=[1, cos kz —1 Vy ¥y sin kz], 
and for z->@ and for b6>r>a 
o(r,z)~ 1,(2)=|1, cos kz —i V,Y2 sin kz] 


Thus, the last integral of (11) becomes 
lim | a 
I . e I 


CD __b(— J, sin be’ +-2V,¥, con Be’ 


Oz" 


Likewise, 


P ‘a 14. O@ OG , P a I, 
lim [| (4 >, ¢ ) rar’ | (j:) ” 


a7 Ys Oo og J’ v 
lim [ {.(¢ 52’ rr 52’ ), : r'dr | 


and 


since 


Oop » — , o* cos k(2’ 
o-’ ki I, sin kz iV; Y; cos kz’) ° :’ . h2 





Thus (11) becomes 





where 
’ : f I. 28) 


Since (28) is independent of L and L’ we, therefore, note that all the integrals taken along 


transverse surfaces yield propagating terms which depend only on 
the velocity potential at all points in the large guide in terms of the potentials of the three 





Equation (28) represents 


far fields and the potential of the unknown seattered field which is given by the integral. 


b) Since // is as vet an unknown function, (27), the equation we referred to in our 


introduction as the integral representation of the desired velocity potential, is an inhomo- 
When we impose the acoustic boundary condition 


[se] n-® tw 


this equation becomes readily soluble by transform methods since it is homogeneous and of 


geneous integt al equation 


the convolution type. 
Thus, if we call 
( =) for 
0; , 


(7 
\—é 


and since the propagating terms drop out in the differentiation, we have from 
> 


( K(z—2’)H(2")dz’, 


where the range of integration has been extended to ©, since, from (28) 


(°, 


H(z)=<¢ 
(H(z), >>0. 


Equation (29) is a homogeneous integral equation that resembles Wiener-Hopf type, since 


the dependence of G and therefore the kernel, 


K(z—z’) 0506 , , 
Je Ortdr~ ’ 


upon 2 is of the form (2 


V. Derivation of the Lumped Parameter Circuit and the One Essential Parameter 


From equation (27), we can now derive the circuit relation of a lumped parameter net- 
work with which the discontinuity can be replaced, if we concern ourselves with fields far 
enough away from the mouth of the inner guide so that all attenuated modes have essentially 
vanished. To investigate this far field result on the left as z»— ©, we let ¢(r,z) be given by 
the transmission line expression (21) and define the characteristic admittances as inversely 


proportional to the area: 





Thus, as we shall see later, the integral in (27) vanishes for 0 and large and we are left 


2+ he) 7) | 


Zl 0 


with 
which becomes 


Now, if we rewrite the above in terms of the /’s and V’s at 0, we have 
ZA1, cos kz —1 V2 ¥_ sin k2)+Z51, cos k iV,Y, sin kz) —Z,U, cos k iV, Y, sin 4 
and since the sine and cosine are linearly independent functions, (31) becomes 


Z1,4+-Z231,—Z,\1,=0 


and 


These two, together with 


4,:=2,4+24s;, 


a result of (30), are the defining equations for a six terminal lumped parameter circuit. Thus 


ve have three relationships between the circuit parameters which were deduced by examining 
the effect on the velocity potential as z—>— © and which represent the far field results to the 
left. We will presently determine the far field results to the right and then by expressing 
them in terms of the current and voltages at the zero reference plane, we will find that the 
extrapolated results coming from the left and right can be represented by same six terminal 


impedance network. 

In general, a six terminal network contains nine impedance parameters representing the 
ratios of voltages to currents for all possible combinations of the three independent voltages 
and currents. However, if we make use of the reciprocity theorem (see Schwinger [1] or 
Everett [6]) of electrical circuit theory the number of impedance parameters is reduced to six. 
From the above three equations, we further reduce this number to three, which we will call the 
susceptances, B,, B,, and B,. Also, from (34), we notice that they must be proportional to 
Y;, Yo, and Y%, respectively. If this circuit is to satisfy the above equations, it must have the 
following delta form (fig. 4) with nondissipative pure reactive clements and with the power 
flow arbitrarily chosen to flow into the junction from both sides, 

I, 


* a». 
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Since the circuit parameters are independent of the impressed currents and voltages, we 


can now obtain independent relationships between the B's as follows: 
1. Open circuit lines 2 and 3. Thus J,=—J,=—0 and from (32), /;<0. By looking into 


line 1, we see B, in parallel with the series combination of B, and B, and we have 
, l 
(iB,4 ) [ ee 1 
| 1 $‘=Oor i. 0). 
iB, + nS i a 
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2. If we terminate lines 2 and 3 by their characteristic impedance, it can be easily shown 


that the impedance seen from line | is the characteristic impedance 


B GB, ; Y) CB, ; )’,) 
"TC Bo+iB+ ¥2+7,) 


~ 


With the independent derivation of these last two equations, we see that the number of 
independent parameters is now one. Thus from the proportionality required by (34), we let 
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Then from (36), we obtain 












and (35) becomes 


ined . 0 
yb, t Yb, t if * (58) 


By solving (37), (38), and (34) simultaneously for the three unknown parameters, we find that 


















b, b, b,—B (30) 





and figure 4 reduces to figure 5. 
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Fieure 5, 


Thus we have shown that with respect to the far field results on the left, the discontinuity 





can be replaced by the above network. To determine the effect on the right as z—> + ©, we 
must first evaluate the integral in (27). A straight forward circuit analysis of figure 5 shows 







that B is related to the circuit parameters by 


il, T,) : 
ViNi+ VY, 














B (40) 















We have now shown that the circuit in figure 5 can be used to represent the discontinuity, 
when the parameters are measured from the z=0 reference plane which is at the mouth of the 






inner guide, Since, there is only one essential circuit parameter which has a known variation 
with driving frequency and the distance to the reference, it is possible to find a reference plane 
in which the equivalent circuit susceptances vanish and, consequently, the equivalent circuit 







reduces to three transmission lines in series as shown in figure 6. 

This new reference plane is a “‘virtual plane of bifurcation”, inasmuch as all measurements 
made at a distance will indicate that the bifurcation occurs in this plane, provided we neglect 
the effect of the discontinuity. Particularly, if one of the tubes is introduced in order to take 
measurements, the quantities will be measured in the virtual plane and not at the mouth of 
the tube. 

To find this virtual plane which is at z d, or a distance d “ahead” of the actual plane 
of bifureation, we follow the method outlined by Miles [7] and let 9=Ad and transform the 
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impedance seen by the i-th tube (= 1,2,3,), Z,, (plane 0), to Z’y, (plane d). This 


transformation is effected by the use of 


Z, 


COS 7 Asin » 


. COs 7 / ( a ) sin ” 


N 


but care must be taken to select the proper signs (both plus if the direction of the power flow 


obtained by following V, then J, is in the positive 2 direction) and to use a negative 9 since 


the reference plane is being moved to d. Thus, if we load terminals 2 and 3 (fig. 5) with 
arbitrary admittances Yr, and )y., it ean be easily shown that line 1 sees 
. | R) |), iBY,) | Vr, iBYs| 12 
m2, (¥e,+ ¥r, tet Yo) " 
Thus if 
Z 0 y. and =) 0 1:3) 
then from (42 
| 
Zr, IBY. yy’ 14) 


Now, if we transform the above Z,. to Z, until the circuit ean be given as the series com- 
bination (fig. 6), namely, 


Zz, = Zn Zrry (45) 


we find that 
Betan » 


VI. Fourier Transform Solution of the Integral Equation 


The Fourier transform solution of (29) will be undertaken as follows: In part (a) of the 
present section, the equation linking the transforms of the respective functions V, //, and K 
and the common region of regularity of these transforms will be derived. The equation follows 
as a direct consequence of the convolution theorem. The regions of analyticity of the trans- 
forms are obtained from the asymptotic forms of the functions themselves. Part (b) will 
concern itself with the decomposition of the transform of the kernel, K, into the quotient of 
two functions which will convert the equation of the transforms into a single integral function. 
This integral function will, in part (c), be shown to be constant since it satisfies the conditions 
of the Liouville theorem. Thus from (70), we will be able to find an expression for the trans- 
form of the heretofore unknown function //(z), and thereby, in part (d), we will obtain (7,2) 
from the inversion integral. 
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(a) The solution of the extended Wiener-Hopf integral equation (29) by Fourier transform 
methods can be facilitated by the theorem of convolution which permits us to write the trans- 
form of the product of two functions as the product of the transforms. Hence, the transform 


of (29) becomes 


17) 
fo enaenf 2 (SDI. .ae-29-[ 2 (29), (ts) 


and #4 (¢) and 7 (¢) denote the Fourier transforms of the respective functions, 7/(2) and V{ 


where 


in the form (i | firnje~ 8*dy For the transform equation (47) to have significance, there 


must be a common domain of analyticity of the transforms in the ¢-plane. To verify the 
existence and location of this domain, we examine each transform with the aid of the growth 
order of their corresponding functions V(2), //(2) and AY 

Previously, we showed that 4(¢) exists only if & has an imaginary part. However, 4 (¢) 
involves differentiation with respect to r and r’ which eliminates the propagating term and, 


consequently its region of regularity is |) <K, 


The quantity which we have called //(z), given explicitly by 


has the same asymptotic form, for z->@, as the velocity potential on the inner and outer sur- 
faces of the smaller guide and, therefore, can be given as [7(2)~ Ae“? + Be>" From this, we 
infer that .Y% (¢) has only simple poles on the real axis at ¢ k, and is regular in the lower half 


plane »—0, since 
(49) 
is bounded in this region 


If we study the defining equation for V(z), (29), by inserting the explicit expression for 


the asymptotic behavior of the kernel, namely A(2— 2’) ~e>*! 


of V(z)~e*" as 2->— @, since //(2) is the entire function (traveling wave) given above. 


we see that the real part 


Thus 


and exists for 7 >—kK;. 





E 


COMMON REGION 





$- PLANE 





Fiaure 7. 
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Collecting results, we find (fig. 7) that the strip — x, 


7» 0 is a common region of rewu- 
larity for the transform equation (47 It will now be convenient to designate the region 
n K, and »— 0 as the upper and lower half planes respectively 

(b) In order to solve the transform equation (47), we now seek to represent 4(f) as a 
quotient of functions A (¢) and A, (¢) such that a simple transposition will make each side of 
the equation regular and not zero in separate half planes with a common strip. By writing (47 
iis 


YOK WOOK integral funetion 51) 


we will see that each side of the equation is the analytic continuation of the other and there 
fore will represent the same function. Together they will then define an analytic funetion 
throughout the finite {-plane. If, in addition, this analytic integral function turns out to 
be bounded in the whole plane, then, as a consequence of the Liouville theorem [8S], it must 
be equal to a constant and the transforms y(¢) and 7 (¢) are simply related to A, and A 
Although there are general methods for the decomposition of the kernel which are both 


i 


rigorous and forceful and have been successfully [3,9] used, in our present discussion however, 


a simpler and more direct approach will suffice as it has in other problems [10]. Thus we 


consider 
O(o _ . r ,[ JAiya 3 , ; 
AG Be v\¢ | | 97 BAG yay Ni(yb J iybNilya)| 


and write each factor as an infinite product of the form (a?—6*) which we will simply split! 
into terms which have simple zeros in one half plane or the other 


Thus to convert (52) to infinite products, we start by letting 
fly) = Jilyad Ni (yb)— J i(yb) Ni (ya) 


From Whittaker and Watson [11], this may also be written as 


ne l , 
where v. j + O( ) are roots of (Yn) 0), prov ided that 
U a n 


1) f(y) is an even function 
(2) 1(0) 
(3) ((0)=0 


A careful analysis of these restrictions will show that they are satisfied, if ¢— (b*—a*)/(rab) 
Thus, we can now write 


, [6?—a*]* 
f(y) n(1 
rab , 

tpn 11 ( 

\ } 

L rab \ 

igh 

wheree “are inserted as absolute convergence factors, without which the infinite produets 
are only conditionally convergent {12}. Similarly, if we expand 
(s/2)* = § 
- ie ; 
rin+1) neil ge 3 
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J, (2) 













where J,(r,)—0, then from (56 


J (ya el (1 = ) 











y fe 
ayk* 4 hea ica ("") ka? ita +( *) 
, ( | + ). u( I : ). 
2 \ J r, ' \ on r 
and 
by kee kb? ith .- kb? icb\ +® 
‘ h) M : T : ) -_ ( — : ) ai (57 
] yo? 5) 11 ( \ l rm > a \ ] = my ra? 
Hence, we may have 
(k b a \ ka i tal ** \ kta ital - 
9 h iy | 72 t “yi \‘ ai! 3 my \ 
\ BE ir) tome Eb? ir) +t 
ll | + é — l é = 
( 2 ) i : ) 
rat I \ Yn Yn ! \ Y: Yn 5) 









+ 





- | Keb? ich) A = 4 kb? irby 
| i} - mare Nyy! > oem i | 


(c) Now, if we define, as shown in (5 







(59) 















where A_(¢) is regular and not zero in the lower half place, 70, and A,(¢) is regular and not 








zero in the upper half plane, 9 é; K,, Our transform equation (47) becomes (51) which 
satisfies the requirements of the Liouville theorem because 7 (¢)A,(¢)is regular for 9 é;, and 
A (©) K_(®) is regular for 7<0 and the strip 0>>—e,>k, preserves the continuity. 

We must now study the growth order of both members of (51) as (¢->@. Thus for 





¥ (¢) and # (¢), we examine the transforms 






‘ov 
y (¢) e~**V (2) dz (60) 
Jue 
. 
WM) e~** H(z) dz. (61) 
0 
tr . , 0¢ ° °° . 
The behavior of V(2) Sp (2) as 0, can be obtained by examining ¢ in the region of 
r A 
area 





the sharp edge (zero thickness). In this region, where the values of z are very much smaller 





than a wave length, @ satisfies Laplace's equation which can be solved by static methods. 
This is done by transforming the potential field about the sharp edge to the uniform region in 
the upper half plane with the aid of Sehwarz-Christoffel [13] transformation, W?=2z. From 
this transformation, W ~ 2"? and the field which corresponds to V(z) as 2-0 at the sharp edge 


is \dWi/de|~2z2>"*. Therefore, V(z) which is related to the component of the particle velocity 
"8 









along the evlindrical radius at the inner pipe has an integrable singularity of the form 





and 













7 (t)~ 7 dz~(it)~"? as |{|-@ for » >—é). (62) 








Also from the above transformation, we see that //(2) which behaves as the velocity potential 
itself can be given by H(2)~ 2"? as “0 and 


WAic)~ ‘ . . d: ~ as ¢ >a for ” ) tre) 


Thus, from a consideration of the physical nature of V and /7, we find that 4” and 7 behave 
in a purely algebraic manner as ¢|—> Therefore, the acceptable results of the decomposi 
tion of the kernel must behave in a similar fashion to permit the integral funetion to be 
bounded. 


To properly decompose the kernel, we choose 


where agam 


(i ) Cue ) and ¢ 
are inserted in each case as absolute convergence factors and the arbitrary factor «* is put 
in to remove the exponential growth and thereby insuring the algebraic behavior of the 
K's by the proper choice of y(¢). This choice will be determined from the asymptotic form 
of K (¢) lor K \4 )] us | 4 »o for n<_0 

We then find that A, has an infinite number of poles on the negative imaginary axis for 


n« y* () (2) (> —K, (4) 


and zeros for » <—K, and is therefore regular and not zero in the upper half plane » ‘ 
By removing (63) from (58), we have left 


k ( bh a* \ k?a*® ital 42 =o h ict , ~ . 

- : ( 5 )( h? )u ) \ | r t r. \ ‘ n ) \ | y? t = \‘ - 

(2 . > (5) 
k?h? ith) ' 


\ 
Nyy ys 


which is regular and not zero in the lower half plane, »<_0, and has only simple poles and 
zeros in the upper half plane »>0. We note, however, that A and A, have a common 
region which is at least as large as ¢, 

For the purpose of evaluating the asymptotic behaviors of A and Ay we may write 
Y¥, ~nw/(b—a) and, since Schwinger [1] proved that the infinite products in (65) must be inde- 
pendent of k as |¢)->@, the square roots behave essentially as unity. Therefore, as ¢ > @, 
we may use the Weirstrass [14] definition of the function and the Sterling asymptotic for- 
mula [15] for [(¢) to write, as a typical example, 


”-— /~ ’ r -o, n<_t), (O60) 


\ : 
ll l >t ¢ 
, ty 7; ¥.) ef DeyttV2 De 
where c= i¢(b—a)/e and C= Euler’s constant. Similarly, 


TT \ k?a*? ital ‘ve 1(5/4) 


| : 
ity = z. J eM YEO (y+ thy 2al(y + }) 















where y 


Thus as ¢ 0, we have 


(68) 


which approaches (/¢)*?, provides that 


i¢ | . 
van’ (b Ind—alna—(b—a)ln(b—a)| (69 
v 


to insure the algebraic behavior of both AL and K Likewise, we may show that 
K.(¢)—>(— if)! or that 9 (¢)—¢. 


Collecting results we see that 7 (¢) K,(¢) is bounded as ¢ »o for ) > ey and Mm \C) 





K_(¢) is bounded as |¢ — @ for »<0 Thus, we have shown that both sides of (51) define an 





analytic function which is regular everywhere including a common strip of width e, and is 









bounded at infinity. Therefore, by the statement of the Liouville theorem, (51) becomes 













y (OKO n (OK (v) | bl (70) 





If we were interested in the difference of the velocity potential on either side of the inner 
pipe, we could now obtain it by evaluating 








l l Ce dz 
2ri, Br K_(¢) 
where Br is an infinite contour within the strip of regularity »!<K,. (d) We are now in a 





position to evaluate the Fourier integral form of (27), which we may write as 


Medhe 4j 
o(r,2) - w¥ de Ha] SF er’) | ; (71) 








and where we recall @ exists in the stip—A,<.9< AK, and .# (f£) exists for »<0. Therefore 





the path of integration must be taken in the region 0 > >—A,. 
If we concentrate for the moment on r<r’, we have from (14) 











4 xr dJfyr) , , = 
( oy’) im 3. Jilyb) | J(vya)Ni(vb) + Ni(ya) J i(y5)] (2 
and 
wr ,d(ya) : " 
rae : 7’ Tiyb) [ Ji(ya) Nilyb) — Ni(ya) Ji(y)) 
(73) 


K_(¢) 


K.(t) 







Therefore, if we form the ratio 











me J (yr) 


— ’ (74) 
# (£) yd (ya) 






then 






OG Ayr) K_(S) 
or’ yd (ya) K.(e) 
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(75) 












Now the integral in (71) becomes 


ee ie ) W (¢e)\K_(¢) |—J oly " 
dite 4 7) 
2m, ie kK 4 |.J ya 
which has simple poles at ¢ kiy—0) and ¢ ik 
The contributions at the poles on the imaginary axis vanish as since they contain 
e~* For 0, we closed the path of integration by an infinite contour in the lower half 
plane. Since the poles enclosed are all on the imaginary axis, the contribution to the integral 
vanishes as and the result claimed in section V is established. For O and large, 
we use a contour in the upper half plane which encloses | hk and (71) becomes 
p > - i. 9 j 7 } yA } = 
(2hh kK) 2kA,(k)§ ° 2 7 Z es 
since only the residues at the poles on the real axis contribute as Likewise, if we con 


sider r >r’, it ean easily be verified that the result is the same as (77) with a different constant 


i? 


VII. Expression ‘‘d’’ in Terms of Infinite Series 


In (77), we have evaluated the integral representation (27) from its Pourier Integral 
form (71) and we can now obtain the far fields to the right. For now, as -o, (Fr, Ts 
in region 3 and / in region 2. In terms of the parameters at 0, we have similar results 


in regions 2 or 3 with different constants 1 namely 


. . ’ on "i cos f Z Z 
l cos | i) \ sin A F j kK » | » E t 7 ] v7 I | 


If we, again, equate coefficients of sin and cos, we have the far fields results extrapolated from 


the right as 
and 


Recalling that the results from the left gave the circuit equations (32) and (33), we apply 
them to the above and find that 


| 
Hes l= Anal gH Kw | 1) 


and 


By simply dividing these two equations, we see from (40), that the left side is merely the one 
essential circuit parameter 6 discussed in section V and hence with (46), we have 


, »- | K,(k)—K,(—k) 4 
p= KK (k)+ Ky i, | tan (kd), (59) 
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where the reciprocal of A, (4) is 


\ k*a* tkal — \ ' ke? ik) = 
| yy z* r, 5 yy a | 
; . (S4) 
Ak rh k2b? ikbl ar. | 
‘\ = r,? 


By writing the bracketed terms in (84) as exponentials, for these are of the form cos @— i sin @, 


we see that (83) becomes 


d . y = Y la ) . AT ” 
; [in a+(}—1)In(a | ‘S| sin (=) (") ‘S[sin — (? = ) +! So] sin ( =~) = | 


where y, are the roots of 
J (Yn) Ny (ayn) — Ji (ayn) Ni (y,) <0 (86) 


and s, are roots of J,(4 0. For ease ia computation, we have made the following parameter 
changes 

l. Let a=b/a. 
2. From our initial restriction on the driving wavelength, let k=» 2/6, where 0S »< 1 



















3. Let (y,4) =. 


Since we now have an analytic expression for d, it is of considerable interest to determine 





d as a function of frequency and the radii of the tubes. To evaluate d numerically, mustwe 






find some way to get an accurate result for the above infinite series which is of the form 










33 {[sin-"(X,)— Y.)} =D {Isin-"(X,) —(X,) +(X,—Y,)}. (87) 
nel nel 








The first two terms can be written as 







\ 
>> [sin”'CX,)—X,]+,, 
nel 













Thus by calculating NV simple values and bounding 
1 


where N is some arbitrary finite number. 


the remainder, we will be able to evaluate these sums Writing sin™ as an infinite series, 





R, > [sin ~'C.Y,,)—X,] > + ox, 4 : (X,)5+——~ (X,)'4 val (89) 


es ST 6 40) 112 





we have a series which converges rapidly for Y,<1. 





If we now define Uys, as 











ry sin “XY, ‘ 1) ‘ 3 +1 a0 
- tr 1, e ) 
att (Anail 6 







we see that the numerator is the largest term in the remainder and that (’y,, approaches 1/6 
Now from the series expansion, (89), it can be easily verified that 





as N grows large. 








sin '(Xwas) Xwy+). sin '(X wa.) -~Xy41 


(Xw+1)" . (Xy 41) 





, (91) 






















for 7 1, 2, 3, sinee .Yy i> Xn Lge 











Thus from (90) and (91) 
U'wai(X¥y4.)" > sin Xn Xe Qo 
which means that 


R U, >» CY Os 


Also from the series, we have, by dropping highet order terms, 


R, b & (x (a4 


which together with (93) bounds R, as 


l 
3. (¥.) PB sy 5) 
6 ~ Jie R, Uy — a ) 


Thus, we can easily determine a numerical value for R The remaining sums of (S87) may be 


easily obtained since lim CY,) = Y, 


The infinite sums in (85) were evaluated by the computation laboratory of the Institute 


for Numerical Analysis, National Bureau of Standards, for 7, the frequency parameter, assuming 


the values of 1, .8, 6, .4,.2 and 0. Although »=—0 has no physical meaning in the present 


acoustic problem, for completeness the mathematical lim rd/b was evaluated to show that d 


eo“ 


is a smooth and continuous function of » for »=—0. Thus since 


> 1 
lim sin 


» 


equation (85) becomes 


wil l rT wT r 
Ss) = 
i [ m at ( r l ) In (a l ] P | = “7 t <-| (Ya) 


as 7-0. The values of a used were 1.05, 1.2, 1.5, 2, 3, 5, and 10, while a= 1.0 and © would 


mean that there is no inner guide; consequently d=0. The computations were intended to 
be accurate to four decimal places, but with the methods outlined greater accuracy could have 


been obtained. The eigenvalues y, (table 1) for small n were obtaimed from Muskat et al 
[16] with corrections given by Miller [17] and for large » were computed with the aid of a 


formula give by MeMahon [18]. The results of (85) are exhibited in tables 1 and 2 and in 


figures 7 and 8. 
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TABLE 2 
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Figure 8 FiGuRE 9 


VIII. Conclusion 


In (85), we have obtained a rigorous and explicit solution for the parameter d. An approx- 
imate solution of the above problem was first reported by J. W. Miles [7], who showed by 
using impedance concepts developed in earlier papers and the variational principle of Schwinger’s 
that the equivalent circuit elements can be related to the analogous change of cross section. 
Thus by considering the bifurcation as a mere change of cross section, he obtained his equation 
(53) which contained only the leading term of an infinite series. A comparison of the results 
given in table 2 and the values given by Miles indicates, that for this problem, this type of 


approximation is very poor. Attempts have been made to improve this method of approxi- 


mation by considering two terms of the infinite series and only slightly better results were 


obtained. An explanation of these discrepancies between the exact results given here and 
the approximations is to be given by Miles [19]. 


The author is deeply indebted to Professor Alfredo Bafios, Jr., for the guidance that he 
has so graciously given throughout all phases of this research and to Professors Bafios and 
David S. Saxon for the suggestion of this problem, as well as the benefit of their experience 
in the Radiation Laboratory of Massachusetts Institute of Technology. 
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